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Probably the most famous unsolved problem in the world is Fermat's 
Last Theorem, namely that xn + yn = zn has no solution in integers, 
x, y, z, when n is greater than 2. 

A great many papers on this theorem come to our desk, as an extreme, 
four came during the first ten days of last October. Several contain 
smart approaches which were not carried through, and practically all 
reprove certain simple, interesting, fundamental properties of this 
equation. 

In the Jan.-Feb. issue, we will publish a sort of recapitulation 
of such properties. 

If readers would add to this list and authors would permit us to 
publish their approaches even though they have not consummated them 
(giving the authors credit, of course ) it would be possible to carry 
on a magazine roundtable on the problem. What do you think? 

The nature of this problem is such that fruitful work may be done 
on it by almost anyone who has sufficient persistance. 

Glenn James 
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 THE MULTIPLICATION FORMULAS FOR THE BERNOULLI

 AND EULER POLYNOMIALS

 L. Carlitz

 1. Introduction. The Bernoulli arid Euler polynomials may be de-
 fined by means of [5, Chapter 2]

 xxt 0 2eXt cox
 ( 1. 1 ) __ = _ B (t), 2e xE

 e _ 1 m=o m! m ex + m =o m! (m
 It is well known that they satisfy

 (1.2) ki B + r) = k-iB (k )
 r=o m k

 (1.3) 2 (-1) rE (t + k) = k-nEm (kt),

 where k is an arbitrary initeger > I in (1.2), while in (1.3) k is an
 arbitrary positive odd integer.

 Bernoulli arid Euler polynomials of order n may be defined by
 [5, Chapter 6]

 n xt xm l
 WI___ nx_ e__co_ D\n)(tl o (1.4) w1;Vx e l = - Bm wn

 (ewlx - I)** (ewnx - 1 =io mn! Dl j

 (ewlx + 1)- (eWnX + 1) Mio m! m nw

 where the parameters wi are arbitrary non-zero numbers. Generalizing
 (1.2) and (1.3) we now have

 (1.6) kki I (n)F r1 w1 + ** + rnwni kn-m (n)(kt), (1. ) B t+ --L k J i ri=k

 (.)k-1 _lr +oo+rnE (n)[t r, ,+' ' +rnwn' k-mE (n) (kt) (1.7) k-i I) +rEm t + mE=
 riin I k j_

 with k odd in (1.7). Of particular interest is the case w= =

 wn = 1; (1.6) and (1.7) become
 59
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 (1. 6)' nEki) CB (n) ( t L r) = kn- mB(n)(kt)
 r= o r m k m

 (1ln.k7) ' E (_1)rCrEm(n) (t + n) = km )

 where Cr is the coefficiernt of xr ill the expansion of

 (1 x X + e Xk1)n+

 It was poin-ted out by Nielsen [4, page 54] that BM(t) is uniquely
 determined by (1.2) and that Em(t) is uniquely determined by (1.3).
 More precisely if (1.2) holds for a single value of k > 1, then the

 set of polynomials Fm(t) is completely determined, simLilarly if (1.3)
 holds for a single odd value of K > 1.

 In the present note we consider the followirng more general situa-

 t ion. Let k be a fixed integer > I and let fak 1 a k denote

 (complex) nunmbers such that akl + + akk = 1; let | 1- or Oand
 let 3ki I .. ePkk be distinct numbers. Then consider the fun-ctional
 e qua t ioI

 (1.8) = k rfm (t + kr) = Xk mfm(Xkt),

 where fm(t) denotes a normalized polynomial of degree m (that is a

 polynomial with highest coefficienlt 1). We shall show that fm(t) is
 completely deternmined by (1.8); moreover, the fm(t) forin an Appell
 set of ;olynomials.

 2. If we put

 fm(t) = j CmjjtM-. (Cm0 =

 and compare coefficients on both sides of (1.8), we readily see that
 the Cm are uniquely determined. Thus for j = 1, the coefficient of

 tm-i in the left member is Cm, + terms irndependent of the Cmi, while
 in the right member the coefficient, is precisely Xk-I / 1. Proceeding
 in this manner we determine successively CmI Cm2, *** ICmm. Hence
 (1.8) is satisfied by a unique normalized polynomial fm(t) 'of degree m.

 In the next place, differenitiating both members of (1.8) with
 respect to t, we get

 (2.1) ~ r= akrm fm( t + Pkr) = m Xkl-mf (Xkt).

 Since (2.1) is of the same form as (1.8) it follows from the uniqueness
 property that
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 1953) BERNOULLI AND EULER POLYNOMIALS 61

 (2.2) fm(t) = mf-1(t).

 We now recall that by ari Apjiell set [1] of polyinomsials {fm(t)}
 is meaint a set of polynomials satisfying (1.6). As is well krnown
 such a set is completely deternmined bly an infinite sequence of numbers
 A =1, A1, A2 ; inldeed,

 0~~~~~

 (2.3) fm (t) On~() A tr rao r m- r

 and conversely; (2.3) is sometimes writteni in the form

 2 im c xm (2.4) - ( t) = eX - (x) , n( oX) A m
 n;=o m! m n o m!m

 We renmark that the question of corivergerice ili (2.4) is irrelevant
 provided we interpret the series as "formial" power series. It is an
 imimediate consequence of (2.3) that

 fm(tt + ) = (m)trmr(u); m ~~r=or r

 we also niote that fm(?) = Am.
 Returning to (1.8), it is easy to write down a recursiorn formula

 for the Am. Indeed if we tak-e t = 0 in (1.8), we get

 (2.5) o akrfm(Pkr) = Xk Am.
 r1

 Siince the coefficienit of Am on the left is 1 and on the right Xk-ms
 it is clear that the Am are uniquely determined. We have therefore
 p roved

 Theorem 1.. Let k be a fixed integer > 1; ack1, * kk complex

 numbers: such that xkl + + k= 1; lXJ Xk 1 or0O; Pk lkk
 distinct. Then the equation (1.8) is satisfied by a unique set of
 normalized polynomials {fm(t)} which form an Appell set.

 It would evidently be enough to assume that Xk ' 0 or a root of
 unity.

 3. It should be pointed out that not every Ajpell set satisfies
 ain equation of the form (1.8). To see this we ajply (1.8) to (2.4),
 which yields

 (3.1) 2 - -kmfm(kt) = eXtD(x) k ekrx m=o mi by (2.4) tkro

 Since biy (2.4) the left, memnber of (3.1)
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 = extiP(XkIx),

 we see that (3.1) implies

 (3.2) (Xk r- l kre
 2

 The functiori ?(x) = ex , for exan!ple, does n-ot satisfy (3-2) for any
 admissible value of the pararmeters. It follows that the flermite poly-
 nomnials do not satisfy any relation of the form (1.8)

 Incidentally (3.2) is equivalent to (2.5). More precisely, givern
 the, rigtht menmber of (3.2) and I?kl / 1, then P(x) is uniquely deter-
 mirned and therefore also the set {fm(x)}. Inideed if we put the right
 member of (3.2) = 7ODmxm/m!, Do = 1. then (3.2) is equivalent to

 Xk-mAm = (m)A 1 (m = 1, 2, *..)X in r=o rr re- r

 from which the Am are uniquely determnined. We may state the following
 theorem, which is in a sense a restatenment of Theorem 1:

 Theorem 2. Given aor, Pkr' Xk satisfying the hypothesis of Theorem
 1. Then P(x) is uniquely determined by (3.2).

 If we replace (P(x) = e X'(x) and x by yx then it is clear from
 (3.2) that 6 and y can be so choseni that Bkl = 0 while Pk2 taes on
 an'y assigned noin- zero value. Hence it cain be assumted that (1.8) has
 such a inormalized formti. Irn particular for k = 2 we may take

 1
 e?fm(t) + ( - ?)fm(t + -) = X Mf (X)s m 2 m

 which reduces to (1.2) for Oa= %, X = 2.
 4. The multiplication formulas (1.6) and (1.7) for the Bernoulli

 and Euler polyriornials of higher order together with the genierating
 function in (1.4) and (1.5) suggest the following. Let {f,(t)} denote
 the set of polynomials satisfying (1.8) and let {gm(t)} denote the set
 of polynomials satisfying another equation of the form (18); in parti-
 cul ar by ( 2. 4)

 co xm co Xm
 (4.1) X ! gm t ) extf(x), E(x) = A;.

 m-o M! m=o Ml

 Next define a set {hm(t)} by means of

 (4.2) 2 - h ( (t) = extC(x)l(xx)
 m=k m! m

 We wish to examine the polynomial of degree m:
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 k h

 I r(t) I s=1 ckrahs HI(t + Pkr + hs

 where

 h

 (4.3) Z chsgm(t + Pls) = x7igm(x`t)2
 s= 1

 say, is a multiplication formula satisfied by gm(t)e Clearly (4.2)
 yi.elds

 U _H ( t) = extl(x)4'(x) s 'XkrC"hsh

 in= o ~n! i r,s kr(he
 = ext4(XXkx)T(xh Ix)S

 by (3.2)o If we rnow assume X = = it follows using (4.2) that

 ino m! m in=o in!

 which impijes H (t) = ?mh (Xt), This proves
 Theorem 3. Let {fm(t)} denote the solution of (1.8) and {gM(t)}

 the solution of (4.3) and define hm(t) by (4.2). Then if Xk Xh= ? we
 have

 k h

 (4e4) YEr so akrchshi(t + Pkr + P45) = ?7hm(Xt).

 Equation (4. 4) is again of the formi (1 .8) and may be described as
 formed by coinposition of (1.8) and (4.3). Thus (1.6) results from
 repeated composition of (12) with itself; sinmilarly for (17) anid
 (1.3).

 5. In addition to the examples memitioined in the Introduction, the
 case

 1. ze

 is of sonie interest . The resulting coefficients and polynomials were
 introduced by Euler [2, pages 487-491]; see also [3] Let us denote

 the polynomials by nm,(t. Z), so that (204) becomes

 co I -xt x

 (5.2) q Mjt, z) -
 in= o Me
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 Now by (5.1) we have

 (5) (X-1) l - zex

 P(x) 1 _ ze^ x

 If z = a, Ii l-th root of unity, and we jut X k, where k 1 (mod ,),
 theni the right memlber of (5.3)

 = 1. + Mexlk + ... + Ck-te(k-O)x/k

 (inotLe that I + C + + Ck-i = 1.) Comparisorn with (3-2) and Theorem I
 now yields

 Theorem 4. The polynomials fm(t) = m(t9 i) defined by (5.1) or

 (5.2) with z - C, an J-th root of 1, 'satisfy

 k-i r
 (5.4) Gr,m(t + _Z,v) = k mTjm(ktt,j)

 provided k 1 (nmod ).
 For C = - 1, (5. 4) reduces to (1.3). By composition it is evident

 how (1.7) carn be generalized.

 References

 1. P. Appell, Sur une classe de polynomes, Anriales de 1'Ecole Normale
 Superieure, (2), vol. 9(1880), pages 1.19-1-44.
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INTEGRALS AND EQUAL DIVISION SUMS 

Morris Morduchow 

Foreword 
For f a continuous function on [0, 27T] it is well krnown that 

m 1'r 2in 27T 
lim E f(-j)-= f f(x)dx. m - OD m m 0 

Under what conditions on f does it follow that there is an integer 
m such that 

m 27T 27T 27T 
( 1 ) >i f(-j) -= f f(x)dx? 

j=1 m m 0 

Similar questions have been studied recently by Szasz and Todd', who 
treated the limiting case in which m- a>, while the region of inte- 
gration is infinite. Krishlari2 has considered the case of a suffi- 
ciently large but finite m, and has derived conditions (involving the 
Fourier transform) under which eq. (1) holds when the integration is 
carried out over an infinite range. 

It will be shown that, the answer to the question raised in the 
present note can be expressed, and derived, in a particularly simple 
mannier if the function is assumed to be representable by a complex 
Fourier series. It will be further shown that the familiar Euler- 
Maclaurin formula, which is liertinent here, can lead to a fallacious 
result if due caution is not exercised. 
Derivation of Theeorem 

The following theorem answers the above question and its converse 
for a large class of functions. 
Theorem. Let f be a function on [O, 2u] whose complex Fourier series 
converges uniformly to it on [0, 27T] 

(2) f(x) = E Avexp(ivx), 0 < x < 27T. 

Then for this function equation (1) is valid, i.e. 

(3) m 27T I 27T 
- E f(-j) = - I f(x)dx 
m j= I m 27T 0 

if and only if 

65 
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00 
(4) - A 0 

(v/O) 

Proof. First note that 

m m if v km 
E exp (2Tiv j/m) = 

j=1 0 if v/ikm, k=O, +1, +2,. 

Hence from (2) 

inm 2T I 0 m 
- 2 f(-i) =- 2 Av( . exp[27Tivj/m] ) m j=1 m m v=-0"' j=I 

co 

But also from (2) 

f(x)dx = Ao- 

Therefore equation (3) is valid if and only if condition (4) holds. 
Equation (3), instead of (1), is used to emphasize the relation 

between the mean value of equally (finitely) spaced values of the 
function and the mearn value of the function. Equationi (4), of course, 
makes the problem of constructing particular functions which satisfy 
eq. (3) for a given integer m a very simple matter. 
Examples 

(a) Let f be a step function on [0,27r] with m intervals of constancy 
each of length 2/T/m, and let f have left hand continuity at each point. 
Then eq. (1) or (3) obviously holds. Moreover, it is a fairly simple 
exercise to show that for this function the complex Fourier coeffi- 
cients Av are such that A = 0 for v = +1, +2,. Hence the condi- 
tion (4) is satisfied by this function. 

(b) For a positive iteger p, eq. (3), with condition (4), leads 
directly to the result: 

in 27T m 27T 
E C cosP- = --Tf cosPx dx 

j=l in 27T 0 

(5) =0 when p is odd 

1*3-5 5, (p-l) 
M= . *( p, l) whern p is even 2-4-6. 

. (p)- 

This content downloaded from 129.16.69.49 on Sat, 02 Jan 2016 16:34:43 UTC
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


1953) INTEGRALS AND EQUAL DIVISION SUMS 67 

if and only if none of I-p|, 12-p|l,| 2p-pi are multiples 
of m other than zero. (This latter condition can be derived by ob- 
serving that cosPx=(1/2)P[exp(-ipx)]. [l+exp(2ix)]P and expanding by 
the binomial theorem). The cases p = I and 2 have been applied in 
harmonic analysis (e.g., ref.3). 
Euler-Mac laurin Forma la 

It is of particular interest to compare the theorem proven here 
with the implications of the familiar Euler-Maclaurin formula, since 
the latter is essentially an equation of the form (3) with the addition 
of correction terms. The Euler-Maclaurin summation formula, without 
the remainder, can be written in the form: 

m 2mT a 17 
' f( .j) = f f(x)dx + - [f(O) + f(27r)] 

j=O m 27TO 2 

(6) 0 + (212^) [f'(27) - f'(0)] +.. 

B ~~2n-I [2r- 1] [2n-1] + -2! (27r/n) [t (27T) f (0)] + .. (n>1 

where the B2n are Bernoulli numbers. It might at first sight appear 
from (6) that eq. (3) will be valid for any differentiable function 
f(x) with a period of 27r, regardless of whether or not condition (4) 
is satisfied. That such, however, is not the case can be seen either 
by noting that the remainder term (e.g., ref. 4) for (6) after any 
number of terms will then not necessarily be identically zero*, or by 
referring to a derivation of (6). Eq. (6) can be derived4 by assuming 
that f(x) is expressible as a sum of exponential functions. Such a 
derivation involves an expansion of the function (eCP- ), where, in 
conjunction with eq. (2), cp would be essentially (27m/ii/m). Hence the 
cases of eP = 1, or v = +km (k an integer), would have to be given 
special consideration, and this would be found to lead once again to 
a condition of the form (4). This illustrates the care with which 
infinite-series formulas, such as (6), must sometimes be applied, as 
well as the significance in such cases of the remainder term. 

* If f(x) is a polynomial, then the remainder does become identically 
zero after a finite number of terms, and this property can be used, 
for example, to obtain in a simple manner (cf. ref.4) a closed-form 
expression for the sum of the Pth (P a positive integer) powers of 
the first NI integers. 
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O N I NTEGRAT I ON OF FUNCT I ON S 

O F T H E F O R H e a x f x) 

Reino W. Hakala 

FOREWORD .- A process of induct ion due to DeMorgan is used to der ive 
a formula by which functions e-axf(x), where f (x) is capable of 
success ive d ifferent iat ion, can be read ily integrated. The integration 
process is unusual in that it merely involves findind successive 
derivatives of f(x), & does not depend in any way on any orior 
knowledge or dif ferent iat ion of the f inal resu1lt . 

The usefulness of the formujla is illustrated by a few examples: 
a simple proof of the whole-number values of the F function, simole 
derivations of the asymptotic expansion of the exoonential-integral 
function, of the value of another interesting inteoral, & of more 
useful expressions for certain integrals than are nowq tabulated for 
them. Two new expressions for I1, also given here, arose accidentally 
f rom such i nvest i gat ions. Some f ormu l as f or certa in r f unct ions, 
related to these expressions for 1], are derived by induction. The 

general function Y+ax xndx, where n + 1 - b, 2b, 3b, ..., is also 
e"al uated. 
INTRODUCTION.- In 1842, Augustus DeMorgan gave a very interesting 

derivation of the value of the indefinite integral SexPdx ("The 
Differential & Integral Calculus". London: Baldwin & Cradock. P. 167). 
He proceeded by induction: 

(exP) = exP + ex = e(l + ddx P 
d dx dx 

dP 2P = +d 
_ -.7 ex( -)2P (exP) = exp + 2ex + ex d= e + dx 

TX dP d2P xd4 
.d (exP) =eP + 3ex dP + 3ex d + ex d-P = ex(I +t )3p )P 
dx dx d xL d7 dx 

and so on, whence 

dnd 
n(exp) = ex(I + _)np. dxn dx 

69 
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T:ien, s ince d1u -udx (neglecting the constant of intearat ion), 
dx i neictn 

eXPdx d1 (exP) = ex(I +p 
-dxy dx 

and therefore 

eXPdx - eX(I - + d2 a ' q dx dxL 

by the binomial expansion. The result is more conveniently written 

5exf(x)dx = eX(I - D + D'- . )f(x) 

(plus a constant), and is readily verif ied thru integration by narts. 

GENERAL IZAT ION.- By aoplying DeMorgan's method to the more general 
function e*axf(x), it can be easily shown that 

( ~~~etax D D2 D3 
)e*axf(x)dx = - (t I - - + I - .m ? ...) f(x)(olus const.) 

= - etax ( ID)P+ Of()(olus const.) (I), 6 a 
where the t's are taken either all + or all -, and T is the onoosite 
sign. This formula includes DeMorgan's as a sDecial case and is 
very useful as will be illustrated below. 

APPLICATIONS.- 
I. PEIRCE, NO. 403.- The formula given is 

( ~~~eaxxn ( 
)eax xn dx = - 

x 2 )eax xn-I dx. a a 

Making the aporopriate substitution in. (I), and keening both signs, 
we f ind immediately that 

etax n .1n+ 
Setaxxn dx=-- L+xn+n xn-I Tn(n-I)xn-+ on + ..] +C 

a a an 

This result can be abbreviated 

fe*ax xn dx = - e_ : (rI )O+I p! n ) +C a () aP- + C 
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1953) INTEGRATION OF FUNCTIONS OF THE FORM eaxf(x) 71 

which is both mcre ceneral and more convenienttouise than Peirce 4L03. 

II. THE F FuNcION. - If onlytheminus sign istaken inthe above 
general formula, and the l imits of integration 0 and 00 are api ied, 
it is found that 

$ e-ax xn dx 0 (-n) + .-j' for n = 0, 1, 2, 3, .... 

and d iverges for n = I1, -, 3 ..3 UPon repeatedly aoolying 
Cauchy's theorem, 

xib [f(x)IF(x)] = b [fi (x)/FI (x)], 

the indeterminate form is seen to reduce ultimately to zero. Letting 
a = I then a ives the spec ial case of the r; function. 

III. TNE ENPONENTIAL-INTEGRAL FUNCTION. - If we let f (x) x-X 
and a - I in (I), and talke + as -, we can evaluate 

(u) j U x dx 

eX - 2 -3 SeX x' dx = - - (I - + C 

(-u eU 3! 
) e'x xxI dx = u (I + - + - + + 

IV. (a) EXPRESSIONS FOR FL- i) Peirce, No. 497, states that 

S eax x-2 dx = a 
0 

Evaluation of the function by ( I) and factor ina out - yields x 

Seax x-2 dX= - -(I - x' + x2 - x-3 + .)+ C, 
a-x 2 2 2 222 

w hereupon 

x~ d = 1im -ax P_ e-89 -2 HY = 
-( - ! - 

+ 2 - 

and 

This content downloaded from 128.42.202.150 on Thu, 17 Dec 2015 11:44:56 UTC
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


72 MATHEMAT I CS MAGAZ I NE (Nov.-Dec. 

I= lr eax + ea) (2 D-I)! x-P] x-o if (p-I)! 22-p- 

This result is intriguing, since no limitation was placed on the 
values that a miglht assume (excent that a > 0). It is interesting 
for the further reason that 

(2 -I) ! F (p + 2) (-I )IT 
(p-I)! 2ZP-7 2 = (i-P) 

as will be shown in Part (.b), i and i ii. 
ii) The last-ment ioned relationship prompts us to write 

nl = (-I)P F( + r) F(' - p); p = I, , 3, ... 

IV. (b) FORa!LAS Fop.cRTAiN F Ncrio.- i) G,iven the recurrence 
relation, F(t + I) = tF(t), and the fact that F(-) =v' we find 
that 

I5 3 1 7 531 r(w) = 
T 

V F,(-5) = 3 () = - V 
Ig .. 

2 2 L 222 22 2 

F(2)=(n-2).. 5 3 I 
,$ (n-T)! 

2 2(n-l)ij2 (n0a)! 2n-2 

where n = 3, 5, 7, ... . 'ow l et n = 2o + I. Then 

I) (20 I)! 
9 

/ 9 13 
F +2) (P-I)! 220-I P = I, 2, 3, ... 

It is important to note that this formula does not incltude F(f2). The 
latter is given, however, as a l imit of the more general expression 

F(p + I ) = F(2o) vF 
( + rF(P) 2p-I 

for all n 0, - I, - 2, - 3, ... i.e., 

I - I i m F(2) 7 = F(-) = 
-4 V__77_ 2 p~OFp 2- 
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ii) In view of the above, it can now be stated that 

ePx x2" dx = - F(D + ) 

(See Peirce, No. 494.) 
Altho the formula for F(o + 2) does not include F(2), letting 

n = 0 in this integral gives the corrpct result, whence the valtie 
given for the integral is quite general (excent of course that 
/ 09, - I, - 2, - 3, on.). 

iii) If 2( 2)' F(- , are also considered, it is a 

simple matter to show that 

F (. i?O ) = ( m I ) [-- (20 I ? 

Ei1 [(201;! 2'nIl } 1 ; n = 1, 2, 3, ...| 

This does not include F(2) either, but onlv 

1 ~3 5 

V. PEIRCE, NOS. 414 & 415. - 

F sinbx bcosbx b2sinbx b3cosbx 
Seax sin bx dx = eax -- ____ + + . C 

L a a2 a3 a43 
- e asinbx L bcosbx( b ( b)2( b)4(b)G + )C 

= eax (asinbx - bcosbx) / (a2 + b2) + C, where a > b 

is required for convergence of the infinite series. This is the same 
equat ion as in Peirce's Tables, excePt that Peirce does not g ive 
the necessarv limitation a > b. The corresoonding function for 
cos bx (No. 415) is readily evaluated the same way; here a > b also. 
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VI. PEIRCE, NOE. 419-425.- The apnlication of formujla (1) to 
these functions is quite straightforwiard (As it always is), but 
working out a brief result for each of them (as in I V V) is a very 
long and tedious orocess, and is therefore left as an exercise for 
interested readers with much more Patience and spare time than the 
author. 

Another worthwhile, but even more tedious, exercise is to derive 
a formula for 

P r?ax sinm PX cosn qx dx 

To make it even more worthwhile (and tedious!), let m and n be any 
comnbination of +, -, and zero. 

VII. (eax f(x)dx.- This formulation includes many interesting 
functions, but DeMorgan's orocess of induction is unable to handle 
it. However, it is possible to treat indirectly the imnortant class 
of fsnet ions covered by 

e?ax b n dx 

w ith the l imitat ion that n + I = b, 2b, 3b, ... 

Anply formula (I) to 

$e?ay yk dy (clf., I) 

taking k.= (n - b + 1)/b. (The limitation previojsly epntioned arises 
because k = 0, 1, 2, 3, .. .) Multiply both sides of the result by 

The desired integral is then found by letting y = xL. 

Department of Chemistry 
Syracuse Uln ivers itv 
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A DEC IS ION METHCD FCR 

TRIGGONWMETRIHC IDENTITIES 

El iot Chamberl in and James Wolf 

Occasionally one mujst investicate a trigonomretric equation to see 
whether or not it holds identicallv, and ident ity proving is an 
imoortant industrv in triconometry texts and courses. Failure to 
prove a oroposed identity mav res"ilt frem the fact that it is not an 
identity or from insufficient ingpnuity. In this note we give a 
mechanical lrocedure for decirdingc whether certain types of trigonomptric 
equations, includina the usual identities of triconometry texts, are 
ident it ies. Anpp icat ion of the mechan ical procedure wi I I not necessar i ly 
be the shortest or most instructive method of treating a given 
identity. Examoles are given at the end. 

1. TRIGONOMETRIC POLYNOMIALS. If P(x) is a polvnomial in sin 

aix, cos aix (i = I,...,n) where the numbers ai are rational,the 
following mechanical procedure reduces P(x) to the form ql(sin xi'p) 
cos x/o * qr.(sin xJD) for some number n and oolynomials q1 and q2. 
Write ai = m io where p is the least common denominator of the 
numbers ai and mi is an integer, use the multinle angle formulas 
(which can be produced miechanically) to write P as a oolynomial in 

sin xjp and cos xjp, and replace C0s2rX,D by (I _ sin,ip) r 

and cos 2r+x1ip by (I - sin2x/p)rcos xYn to obtain the above form. 

THEOREM I. If q1 (v) and q2(v) are polynomials, q, (sin u)-os 
u + q2(sin u) o if and only if all coefficients of q and qf are 
zero. 

For if we have an idpntity, c (sin u) (I - siniu) q,(sin u); 
2 I 

hence q (v) (I - v2) q (v). But this is imposs ible Punles s 

q, and q2 are identically zero since the left hand side has an odd 
number of prime factors (I - v) while the riqht hand side has an 
even number. 

If P(xi,...,xn) is a nolynomial in sin ajxI, cos a xi,7.., sin 
cjxn, cos cjxn where the numbers ai,...,cj are all rational, the 
above process applied to each variable in turn reduces P to a 
Dolynomial ? in sin xljpl, cos YI5fsin xnOn where cosines 
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occur to no higher power than the f irst. Reneated apol ication of 
theorem I then shows that P 0 if and only if every coefficient of 
Q is zero. 

2. IRATIAL muTIPLIERS IN THE ARcGMEFT. A set of real numbers 
bI,...,bk will be called DEPENDENT if r1bI + ..+ r 1bk = 0 for some 
set of integers rl,...,rk not all zero, otherwise bI,...,bk are 
INDEPENDENT. 

THEoREM 2. If R(x) is a polynomial in sin b x, cos b1x,..., sin 
bkx, cos bkx where bI,...,bk are indenendent, let S(vl,...,vk) be 
the result of replacing b,X,...,bkx in R by vl,...,vk respectively. 
Then R(x) 0 if and only if S(vl,...,vk) 0. 

Clearly R(x) 0 if S(vl,...,vk) 0. Sunpose R(x) 0; then by 
Kronecker's theorem (see refprence [I], theorem 444) for any -given 
vI,.a.avk, Ibix/2r - i - vi/2mj (i = I,...,k) can simultaneously 
be made as small as we please by nroper choice of x and integers 
p-i, i.e. sin b x, cos bix simultaneously take values close to 
sin vi, cos vi respectively (i = I,...,k). But'R(x) 0, hence 
S(vl,...,vk)-= 0 by continuity. 

If bI,...,bk of theorem 2 are not indeoendent , there is an 
independent subset and all bi are linear combinations with rational 
coefficients of the numbers of this subset; use of the addition 
formulas for sine and cosine then gives a function to which theorem 
2 applies. 

The preceding results give a mechanical reduction of the nroblem 
of proving trigonometric identities to the Droblem of determining 
whether some real constants (the coefficients) are zero and whether 
some real constants (the mul t ipl iers in the arguments) are independent. 
For rational numbers, this is mechanical. 

Equations involving rational functions of the trigonometric 
functions are often called identities if the two sides of the 
equation are defined and equal except for isolated values of the 
variable. Such ident ities are easily treated by eliminating all 
trigonometric functions except sine and cosine, and muiltiplyiirg 
through by the denominators; these vanish only at isolated points if 
they are not identically zero, and this possibility can be tested 
by the above methods. 
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EXAMPLE I. Is the folloino equation an identity (in the above 
sense)? 

cos x/2 s in x/6 cos x/6 s in xj2 
2cos x/3 I 2cos xj3 + I 

It is obv ious (or use theorem I with u = x/3) that ne ither 
denominator vanishes identically, hence (I) is an identitv if and 
only if 

(2) cos x/2 s in x/6 (2cos x/3 + I) - 

cos x/6 sin s/2 (cos x/3 - I) 0. 
Using cos 2z = cos2z - sin2z, sin 2z = 2sin zicos z, Cos 3z = 

cos(2z+z) = cos3z - 3cos z sin2z, and sin 3z = 3cos2z sin z - sin3z, 
with z = x/o, the left hand side of (2) reduces to C5(-4S) + C3(4S) 
+ C(4S5 - 43S3) where C = cos x/6 and S = sin x/6. Reduction to a 
polynomial l inear inC by use of C2 = I - S2 gives thezero oolynomial, 
hence (I) is an identity. 

EXAMPLE 2. Is the following equation an ident-ity? 

(I) sin 27ux cos2x + s in 2x cos3n-x = 0 

The multinliers in the argument are I, 2, 7T, 217, and these are 
rationally dependent on I and 7T which are independent (the iroof of 
this is of course not contained in the above deicision method). Then 
(I) is an identity if and only if 

(2) sin 2y cos2x + sin 2x cos3y 0. 

Using the method of oaragraoh I first with resoect to x, (2) holds 
if and only if cos x (2sin x cos3y) + (sin 2y - sin2x sin 2y) - 

0, and according to theorem I , this holds only if q1 = 2sin x cos3y 
is identically zero. Since the coefficient 2cos3y is not identically 
zero in y, (I) is not an identity which is also obvious, in this 
part icular case, from setting x = I in (I). 

[I] G. H. Hardy and E. M. Wright, An introduction to the theory 
of numbers, Oxford, 1938 

t!niversity of litah 
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CURRENT PAPERS AND BOOKS 

(Ctd. from ins ide back cwer) 

TECHNOLOGICAL APPLICATIONS OF STATISTICS. By L. H. C. Tippett, 
John Wiley and Sons, Inc., New York, 1950, iX + 189 Dages. $3.50. 

When a strong American center of learning invites a distinguished 
European scholar to deliver a series of lectures, the result is 
l ike l y to prove grat if y ing , and when the lectures, somewhat ampl if ied, 
appear. in book form, the result is l ikely to represent a contr ibut ion 
to the subject. This is the situation with respect to Tippett's 
TECHNOLOGICAL APPLICATIONS OF STATISTICS. r. L. H. C. Tippett, 
head of the Mechanical Processing Division of the British Cotton 
Industry Research Association, was invited to give a course of 
lectures on the above subject at the Massachusetts Institute of 
Technology, and the book is the "write up" of these lectures. The 
audience for the lectures, we are told, consis.ced of industrial ists, 
students, and practicing statisticians. The author hopes to. reach 
a wider audience with his book. Students study descriptive and 
experimental physics before undertaking mathematical physics. Our 
author thinks that, similarly, a student should first acquire a 
"feel" for statistics through examples treated arithmetically. 
"The mathematics", he says, "can follow later." "The book can be 
regarded as an introduction and companion to a systematic textbook 
in appl ied statistics.' Thus we understand why the author refers 
in a general way "to the textbooks" for mathematical proofs. His 
use of the expression "it can be shown" leaves an unsatisfied 
fee l ing w ith a reader accustomed to mathemat ical th i nk ing and should 
stimulate him to f urther study. 

For a textbook, a teacher thinks of decimally numbered chapters 
and articles with these decimal labels at the top of each page 
and of copious l ists of exercises provided with answers for the 
odd-numbered ones. These are devises that aid in the teaching 
process, and these the teacher does not find in Mr. Tippett's book, 
but he is compensated by unusually clear exposition accomplished by 
many carefully worked examples. Thus there is no lack of motivation 
as somet imes happens when the student is g iven much theory w ithout 
his seeing its usefulness to him in solving his problems. But 
the author warns that his "arithmetic method" can only be really 

t Continued on page 1 
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193) ALLIGATION 89 

d) By first procedure By third procedure 
14 

Per cents Differences 5 10 15 20 5 10 15 20 
5 1 E6 1 4 1 4 
10 -1 +6: 14L 1 9 

L[ .9 3 2 
15 4 + 9 1:9 2 3 
20 4 13 5 

7:7:13:13 3:2 3:4:13:5 

2:3 

Note that the l inks in the thi rd procedure match perfectly the 
differences taken inthe first procedure. Also note that any 
difference used orany link drawn must involve two amounts one less 
a nd one greate r than the des i red f i gu re. 

It is the hope of this writer that you can make good use of these 
ideas and can find many appi ications. The writer has used this set of 
ideas in his classes and in some of his writing, especially in 
retail ing. The response has been very interesting. None of these 
procedures are new, they have just been brought up to date. 

Los Angeles City College 

( Ctd. frorn page 78) 

successful if the student works through carefully all of the numerical examples. "They are treated as problems in technology as well as in statistics." The data for these examples are from actually published research; no fictitious data are used. Nor is there the usual collection of statistical tables. Only a few spec if ic references are given in the footnotes, but a general bibl iography of twenty-one well-chosen and classified books and pamphlets is appended at the end of the book. 
A recent writer remarks that quality control has become almost a cult in the industrial world. Mr. Tippett approprriately starts his book with this important subject. Part I of the book is entitled 

THE ROUTINE CONTROL OF (UALITY and includes about one-third of the total number of pages. It discusses control charts, including the control of the fraction defective, and acceptance sampling. The latter subject is especially well-treated in the longest chapter of PART I although the author tells us, "here we deal with only a few simple situations for the purpose of introducing the main ideas and quant it ies used in samp l ing inspect ion. " PART II, INVESTIGATION 
AND EXPERIMENTATION, resembles a course in general statistics with a ll appl icat ions, of cour se, in the industr ial f ield. Some of the topics are: theory of small samples, analysis of variance, and correlation. Analysis of variance is treated to greater length than the other top ics, and use is made of the almost universally accepted 
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tabular form for presenting the results of the computations. Simple 
and multiple correlation are discussed, but partial correlation 
is only mentioned. The theory of correlation is carried to the point 
of testing the significance of results by means of the variance 
ratio F. The final chapter deals with planning an investigation. 
The whole book demonstrates the very important place that statistics 
has attained in modern industry. 

University of Arizona R . F. Graesser 
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CATENARY AND TRACTRIX IN NON-EUCLIDEAN GEOMETRY 

Curt is M. Fulton 

In this paper we give def in it ions of the catenary and the 
tractrix in Hyperbol ic Geometry, wh ich bear a close analogy to the 
corresponding Eucl idean definitions. We then show that the well known 
relat ion between the two curves is preserved. 

We use for our purpose l imiting surface coordinates x, y, z. In 
the Hyperbol ic Space we consider a triply orthogonal system of 
s urfaces wh ich i ntersect i n coo rd i nate cu rves t hat a re mut ua l l y 
perpendicular. Specifically, x = const. is a family of l imiting 
surfaces, y = const. and z = const. represent planes. The coordinate 
curves are l imiting curves and straight 1 ines, the latter being 
paral lel. Let P(x, y, z) and Pl (I r, 7 ) beany two po ints and cos 
cos /3, cos y the direction cosines of the directed line segment PPI 
w ith respect to the coord inate curves through P. Then the fol l owing 
relat ions wil l hold [2]: 

(I) = x - log (cosh PPI - sinh PPI cos ); 

eXsinh PP, cos /3 
77 Y +. 

cosh PPI - s i nh PPI cos a 

(2) eXs inh PPI cos y 
=z + 

cosh PPI - sinh PPI cos a 

These formulas show quite naturally the metric significance of our 
coordinates. Setting cos aa= I in (I), we find g = x + PPI, which 
means that x measures distances between the, limiting surfaces along 
the parallel lines. If in (2) cos a o= and cos /3 = I, we have 

= y + eXtanh PPI. Thus, [5, p. 139], e-x (71 - y) is the arc of a 
1 imiting curve intercepted by two parallels in a plane z = constant. 
As an immediate consequence we record the equations for a translation 
of axes to the new or ig in (h, k, 1), 

(3) x = x- h y = eh(y - k) z = e-h(z 1) 

Let x = x(s) , y = y(s) , z = z(s) be the parametric equations of 
a curve with the arc length s as parameter. The d irect ion cos ines of 
the tangent are g iven by [2] 

(4) cos aT = x', cos -T = e-Xyv, cos 7T = e-x7,, 

the accents indicating derivatives with respect to s. These direction 
cosines satisfy the equation 
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(5) xi2 + e-2x(y12 + zi2) = I. 

As a special case we obtain from (1) and (2) the parametric equations 
of astra ight l ine, writing Ofor the arc length PP 1. The corresponding 
direction cosines (4) will be 

d6 sinh c- - cosh o- cos a 

do- cosho-- sinh ocos a 

- cos / 
(6) e 

do- cosho-- sinh0-cos a 

d~ 4cos y 

do- cosh o- - s inh o- cos a 

We now cons ider a perfectl y flex ible string of constant dens ity 
equal to unity. Let T = T(s) > 0 denote the magnitude of the tension, 
which is a tangential force. Let F > 0 be the magnitude of the 
external force per unit mass and designate its direction cosines by 
cos aF' cos /F, cos 'F. If there is no external force, the string 
hangs in a straight line; T is constant and the direction of the 
tension is determined by (6). If this is not the case, the first 
component of the tension undergoes a change along the element of arc 
As equivalent to 

sinh As - x' cosh As 
T (s + As) x' (s + As) + T (s) cosh As - xi sinh As 

Here the subtrahend represents just what would be the tens-ion, if no 
external force were present. Adding AsFcosOaFto the above expression 
we must obtain 7ero, since the element As is in equil ibriuim. The same 
is true for the remaining components. As As- 0, we are led to the 
fundamental equations of equil ibrium, which, partly with the aid of, 
(5) , can be written 

T'X'+T [x" + e-2x(y!2 + 712)] + Fcos F = 0, 

(7) Te-x(y" -2x'y') +T'e-xy' + Fcos 84F 0 , 

Te-X(7" -2x'7') +T, e-X7 + Fcos 7F = O. 

Equations (7) easily yield expressions for the curvature -, if 

we take the d i rect ion cos ines with the oppos ite s igns and defi ne 

F I 
- for T = I. Cf. [21. Ind icat ing the direct ion of curvature 
R 
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by means of the subscript N and using (4), equations (7) may be 

rewritten as 

cos (N + T'cos T + Fcos F = ? 
cos 3N + T' cos AT + Fcos /F = ? 
cos ^/' + T' cos /T + Fcos 1F = 0. 

We now assume that the string is acted on by a force parallel to 
the dirrection of the x-coordinate, so that coscx F = I and cos 83F = 
cos /F-0. As we readily observe on account of the last two. equations 
(7), Te-2Xy? and Te-2X71 wil l then be equal to arbitrary constants. 
It follows that y and z satisfy a linear equation, which represents 
a plane cutting the l imiting surfaces x = const. orthogonally. 
Without loss of general ity we may take this plane as z = 0, in which 
x and y are l imiting curve coordinates [5, P. 165]. Thus, equations 
(7) reduce to 

d 
(Tx?) + Te-2xyy2 = F, 

Te2xyT = 

Here we have written for the arbitrary constantl y' = 0 would 

correspond tothe trivial case of a straight l ine. Furthermore we 
may assume > 0, thus choosing a positive sense on the curve. 

Combining the two equat ions we can el i minate T and have 

(8) y? Y[K7(e2X _) + I= F. 
C1 dy dy ] 

We propose to consider two cases, the first case being that of a 
suspension bridge. If theacceleration of gravity acts in the 
direction of the x-coordinate, its magnitude will be ge2X with a 
constant g > 0. Cf. [2] and [3, p. 131]. Assuming that the cable of 
the suspension bridge supports a roadbed of uniform 1 inear density 
on a level x = constant, F will be proportional to y', i.e. F = pyl 
p > 0. Integrating (8) we obtain 

e2x = - (I + pC1) (y - C2)2 + C3, 

where C2 and C3 > 0 are arbitrary constants. Such an equation 
represents a parabola: the locus of points equidistant from a fixed 
point and a fixed l imiting curve. 

For our second case we suppose that the string or chain hangs 
under its own weight. Then F = ge2X and making use of (5) we write 
(8) in the form 
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d2 (! e2X) + I 
- 

2 2 -. c1 

e + [ (-i e2X1 
dy 2 

Solving this differential equation by standard methods we find 

(9) cosh gC I (y - C3) = gC1C2+ i - -g2C I2e2X 
l~~~~ 

I 2gC1C2+ I 

C2 > 0 and C3 being arbitrary constants. Letting 

csch a = h IC2 ' e2h = k = Cg3 2C2 

equation (9) can be written in another form, namely, 

e-h (y -() cosh2a + sinh2a - e-2he2X 
s i nh a 2 cs n sin a 

Taking (3) into account, we eventually reduce it to 
c cosh2a + s inh2a - e2Y 

cosh -= 
s inh a 2 cosh a sinh a 

the equation of a catenary, where the geometrical significance of the 
positive constant a will appear later. It may also be shown that 

T = - (e2h - e2X), a relation whose mechanical meaning is discussed 
2 

i n [4, p. 3221. 
We now define the tractrix as the plane curve for which the 

length of the tangent intercepted between the point of contact and 
the 1 imiting curve x = 0 is always equal to a. We can express this 
condition by means of (I), taking d = 0, PP1 = a, and cos a = x 
according to (4). Thus, 

x = log (cosh a - x'sinh a) 

and, using (5) for y' we have at once 

dy ex s inhLa - (cosh a - Z 

dx cosh a - eX 

where we restrict ourselves to x' > 0, y' > 0. The integral of this 
equat ion is found to be 
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y - sinh2a -(cosh a -ex)2 

(I ) . s i nh a + | sinh2a -(cosh a - eX)2 + C. + sinh a log cs 
cosh a - e" 

Let us set C = 0 in the preceding equation, thus effecting a 
translation (3), so that the tractrix will pass through (- a, 0). It 
is convenient to introduce a positive parameter t equal to the 
logarithm in (I1). The resulting parametric equations are 

(12) x = log (cosh a - s inh a sech t) 
y = - sinh a *tanh t + t sinh a 

We could easily show, using (2) that the intercept of the tangent 
of the tractrix on x = 0 equal s t s inh a. 

In order to f ind parametr ic equat ions of the evol ute EI, p. 192] 
of a g iven plane curve we return to ( 4). The direction cosines of the 
normal, with the proper signs for our case, are 

(13) cosa N = eXyl , cos 3N = xI 

In this way we find for the curvature -, which was defined in 
connect ion with (7) R 

(1 4) R = x" + e-2xy2 e'x (yn - 2xTy ) 

Applying (14) to a circle of radius r, its curvature turns out to be 
ctnh r [I, P. 134] . We therefore define the radius of curvature r of 
any curve by means of 

( 1 5) tanh r = R 

which becomes meaningless when R > 1. Carrying over the Eucl idean 
definition of the evolute, (I) and (2) will give its parametric 
equat ions 

= x - log (cosh r - sinh r cos 

(16) e Xs inh r cos/3N 
77 = y + 

cosh r - sinh r cosaN 

where the proper substitut ions from (13), (14), (15) have to be made. 
To determine the evolute of the tractrix (12) it is not necessary 

to actually introduce the arc length. By a simple manipulation we 
obta in from (12) making adequate use of (5) 

xl = sech t , e-Xyl = tanh t 
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and, using (i14) 

s inh t 
R =a 

ctnh a - cosh t 

W ith these relat ions, (16) can be written 

e2 =cosh2a + s inh2a - 2cosh a s inh a cosh t 
77 = t sinh a a 

Now, el imination of t leads to (10), the equation of a catenary. 
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TEACHING CF ATHEMATICS 

Edited by 

Joseph Seidl in and C. N. Shuster 

This department is devoted to the teaching of mathematics. 
Thus articles on methodology, exposition, curriculum, tests and 
measurements, and any other topic related to teaching, are invited. 

Papers on any subject in which you, c a e , are interested, 
or cuestions which you would like others to discuss, should be sent 
to Joseph Seidlin, Alfred University, Alfred, New York. 

ALL IGATION - IT'S MEANING AND USE 

E. Just in H:ills 

Alligation, often called the Rule of Mixture, is a method of 
compounding ingredients. Alligation (Latin - alligare, to bind to, 
to tie up) teaches how to mix ingredients according to any intent 
or design. Thus it can be used to solve quickly any mixture problem. 
It also has wide possible application in pharmacy, merchandisinc, 
and other fields. 

There are two types of alligation - medial and alternate. 
Alligation medial is nothing more than f inding the mean value of 
a series of values. Alligation alternate is very important since 
it shows how much of various kinds of amounts may be taken to make 
up any assigned quantity of a compound. This article emphasizes 
the importance of getting familiar with alligation alternate. 

Let us consider a simple al l igat ion alternate problem. Hay much 
5% solution and 20% solution must be combined to make a 14% solution? 
By simultaneous equations, we would have: 

5%x + 20%y = I4%A So x = 2/5 of A And x:y = 2:3 
x + y = A y = 3/5 of A 

There are three alligation alternate procedures that can be 
carried out. The first one is several hundred years old. It is in 
Edward Hatton's "An Ent ire System of Ar ithmet ic", wh ich was pub l ished 
in about 1732. Here it is: 

Per cents Differences 
5 6 

14 
20) 9 

I ;; 

Therefore 6/15 of desired 
sol ut ion is 5% sol ut ion, and 
9i b of des ired sol ut ion is 
20% solution. 

That is, 2:3. 
The second alligation alternate procedure uses plus and minus 

signs. The second has been used for many years in retailing when 
a retailer is solving certain averaging markup problems. 

85 

This content downloaded from 129.16.69.49 on Tue, 22 Dec 2015 14:13:52 UTC
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


6MATHEMATICS MAGAZINE (Nov.-Dec. 

Des ired percent 
Given per cents 

14% 14% 
b% 20% 

4.9% -6% 
x 2 1 

+1 8% -1 8% 

First take the differences of the desired and given per cents, 
noting the sions. Then determine the desired multipliers needed to 
make the plus product equal the minus product. These products give 
the 2:3 rat io that has been noted ear l ier. 

The third alligation alternate procedure uses a method called 
the ' I ink method'. Several books printed during the 19th century 
referred to this method. It is used by many pharmacists, and as late 
as 1938 it was used in a McGraw-HHill book entitled 'Pharmaceutical 
k4athematics', by Edward Spease. The following diagram, showing one 
link, is used: 

14 
5 20 
6 9 

2:3 

Put the 1 4 between the 5 and the 20 and s l i ghtl y above. D isregard i ng 
signs, take the d i fferences and put them oppos ite to what i s expected. 
S inee 6: 9 equal s 2: 3, the same rat io appears aga in. Since 2 + 3 = 5, 
2/5 of the 14%, solution is the 20% solution. 

If we have 20 cc of 5% solution and desire to know how much 20% 
solution is needed to make the desired 14% solution, change 2:3 into 
20:30. Thus 30 cc of 20% solution is needed. 

If three or more amounts are to be combined to make a desired 
compound, the link method is the only satisfactory solution. Such a 
problem cannot be solved directly by simultaneous equations since it 
would have only two equations with three or more unknowns. That is, 
there will be more than one possible solution to such a problem'. 

Let us consider a problem with three amounts. How much is needed 
of a 5%0 solution, a 10% solution, and a 20% solution to make a 14% 
sol ut ion? 

First procedure - the oldest one. 

Per cents Dif,ferences 
5 6 
10 6 

' 4 
20 9+4 

25 

Each val ue less than 14 
has the di fference between 
20 and 14 next to it. The only 
value greater thanA 1 has the 
d i f fe rences between bot h pe r 
cents and 14% next to it. 
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Unfortunatel'y this method gives only one solution. 
Second procedure - the one used i n retailing. 

Desired per cent 14% 1% 4 1 4%/ 
G iven per cents 5 . 20% 

+9% + 4% - 6% 

It wtould be rather difficult to find the needed multipliers so that 
the sum of the plus values would equal the minus value. The 6:6: 13 
found i n the f i rst procedure wi ll do i t. Note that 

+ 9% +4% -6% 
x 6 x 6 x 13 

+54% +24% - 78% = 0 

txany more multipl iers can be found when the link method is used. 
Third procedure - the link method. 

14 
5 10 20 5 10 20 

6 4 3 2 
3:2 2 3 

6 9 2 3 5 
2:3 2:3:5 

Since there are three armounts, two links are needed. Rewrite 
the given amounts and put the narts of each ratio under the proper 
amount. Under 20, the 2 and 3 must be combined to finally get 2:3:5. 
Since 2 + 3 + 5 = 10, 2/10 or 1/5 of the desired solution is 5% 
solution, 3/10 of the desired solution is 10% solution, and 5/10 or 
1/2 of the desired solution is 20% solution. 

Since 3:2 = 6:4 or 2:3 = 4:6, two other possible solutions would 
be: 5 10 20 5 10 20 

6 4 3 2 
2 3 4 6 

2 6 7 4 3 8 
2:6:7 4:3:8 

In like manner many other combinations can be determined. To get the 
answer found in the first procedure, and used in thp second 
procedure, merely change 3:2 to 6:4 and 2:3 to 6:9. Or use the 
values found originally before the ratio values were reduced. 
That is: 5 10 20 

6 4 
6 S 

6 6 13 
6:6: 13 
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If there are more than three amounts being combined, the first 
and thi rd procedures can be carried out by at least four ways, and 
the second I rocedure would be used for check pu)rposes only. We can 
have two links, three links, ir four links when using four amounts. 
We can have as many as seven l inks when using five amotints, or only 
three links. 

This time let us match the first and third procedures using four 
amrounts. Consider the following problem. How much is needed of a 5% 
solution, a 10%, solution, a 15% solution, and a 20% solution to make 
a 14% solution? hote combinations a), b), c), and d). 

a) By first procedure By third Drocedure 
14 

Per cents Differences 5 10 15 20 5 10 15 20 

5 6 1 4 I 4 
10 I 1: 4 2 3 

14 ._ 
.... 
1:r 

15 4j 2:3 2:1:4:3 
20 J 

6: 1: 4:9 

b) By first procedure By third procedure 
14 

Per cents Differences 5 10 15 20 5 10 15 20 

5 1 I 4 1 4 
10 1 + 6 1:4 I 9 

14 T 9 6 1 
15 4 + 9 1:9 7_ I 37 
20 1 6 I 1:7:13:1 

1:7:13:1 6:1 

c) By f irst procedure By third procedure 
14 

Per cents Differences 5 10 15 20 5 10 15 20 
5 1 1 9 I 9 

10 _6 1:9 3 2 
14 C' T 

15 3:2 1:3:9:2 
20 4 

I :6:9:4 
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d) By first procedure By third procedure 
14 

Per cents Differences 5 10 15 20 5 10 15 20 
5 1 E6 1 4 1 4 
10 -1 +6: 14L 1 9 

L[ .9 3 2 
15 4 + 9 1:9 2 3 
20 4 13 5 

7:7:13:13 3:2 3:4:13:5 

2:3 

Note that the l inks in the thi rd procedure match perfectly the 
differences taken inthe first procedure. Also note that any 
difference used orany link drawn must involve two amounts one less 
a nd one greate r than the des i red f i gu re. 

It is the hope of this writer that you can make good use of these 
ideas and can find many appi ications. The writer has used this set of 
ideas in his classes and in some of his writing, especially in 
retail ing. The response has been very interesting. None of these 
procedures are new, they have just been brought up to date. 

Los Angeles City College 

( Ctd. frorn page 78) 

successful if the student works through carefully all of the numerical examples. "They are treated as problems in technology as well as in statistics." The data for these examples are from actually published research; no fictitious data are used. Nor is there the usual collection of statistical tables. Only a few spec if ic references are given in the footnotes, but a general bibl iography of twenty-one well-chosen and classified books and pamphlets is appended at the end of the book. 
A recent writer remarks that quality control has become almost a cult in the industrial world. Mr. Tippett approprriately starts his book with this important subject. Part I of the book is entitled 

THE ROUTINE CONTROL OF (UALITY and includes about one-third of the total number of pages. It discusses control charts, including the control of the fraction defective, and acceptance sampling. The latter subject is especially well-treated in the longest chapter of PART I although the author tells us, "here we deal with only a few simple situations for the purpose of introducing the main ideas and quant it ies used in samp l ing inspect ion. " PART II, INVESTIGATION 
AND EXPERIMENTATION, resembles a course in general statistics with a ll appl icat ions, of cour se, in the industr ial f ield. Some of the topics are: theory of small samples, analysis of variance, and correlation. Analysis of variance is treated to greater length than the other top ics, and use is made of the almost universally accepted 

This content downloaded from 129.16.69.49 on Tue, 22 Dec 2015 14:13:52 UTC
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


M I SCELLANEOUS NOTES 

Edcited by 

Charles K. Robb ins 

Articles intended for this department should he sent to 
Charles K. Robbins, Department of Mlathematics, Purdue University, 
Lafayette, Ind. 

MATHEMATICAL THINKING AIDS IN INTELLIGENT CITIZENSHIP* 

Alice Patricia Kenny, Albany Hig1 School, Albany, New York 

Functions of ancles and the Pythagoran Theorem have little use, 
as such in everyday life. Students not olanning mathematical or 
scient if ic careers often wonder why algebra and ceometry are required 
for college entrance. 

The study of numbers teaches one to set down ideas in logical 
order, and from specified facts to proceed in definite oaths to a 
final conclusion. Perhaps the steps and reasons requisite to a 
geometric proof are best illustrative of this process. From the 
given material one extracts an idea leading in the direction of the 
desired result, and by means of rtules and postulates builds up a 
solid superstructure, each component of which fits harmoniouslv 
and essentiallv into the whole. 

The c i t i zen who has stud i ed mathemat i cs w i 1 I aDo I y h i s understand i ng 
to the issues broucht before him for his cons ideration. tHe will take 
the given facts, by basic rules develop what he learns, and build 
un a solid core of informed opinion. This core will be able to 
withstand attack and succeed in araument. 

A habitually mathematical thinker keeos his thouchts in order. 
Not only is he able to make wise decisions on grave issues; he is 
a better adjusted person when his mind is clear of extraneous matter. 

The human mind cannot be entirely aoverned by mathematics; 
consequently mathematics will notsave theworld. But minds conditioned 
to clear thinking can bring a saner atmosphere to national and 
international relations. It is thts easily conceivable that the 
study of mathematics will aid in providine tomorrow's democracy 
with wise leadership. 

Submitted by Sister Noel Marie C.S.J. 

*One of the essays submit ted in a contest sponsored by the 
Mathematics Department of the College of St. Rose, Albanv, New York 

GI 
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THE CA T 

I wonder if the cat on his ninth lap (eiaht lives exoended) 
calculates while purrina, "Eleven ner cent is roughly what I've left; 
what's cone is eighty-eight-point-eiaht. ..recurrino . " 

London Punch, page 293, Sept . 12, 1951 

Submitted by V'. R. Ransom Ttufts College 

ON TOPOLOGICAL REPRESENTATION OF GROUPS 

In the March-April issue of this magazine D. Ellis oroves that 
every countable group can be reoresented as a grouo of motions of a 
metric space. In view of this the following observations, while 
quite trivial, may be of some interest. 

Let X be a topological space, let I be a set of ind ices, and 
let XI be orovided with the customary product tooology. Then it is 
clear that any group G of permutations of I is isomorphic with a 
group of homeomorphisms of XI onto itself, under the correspondence 
which assigns to every g E 6 the homomorphism 

(xIl iE) (Xg(i)I i) 

In t h is way every groun G can be renresented as a grouo of 
homeomorphisms of XG onto itself. 

Taking X to be the discrete two-point space whose elements are 
0 and 1, we deduce: 

I . Every groun is isomorphic with a group of homeomorphisms 
of a compact totaliv disconnected Hausdorff soace onto 
itself. 

2. Every couintable inf initp crouD is isomorphic with a 
group of homeomorphisms of the Cantor discontinuum 
onto itself 

Taking X to be the closed unit interval, we deduce: 
i. Every infinite group is isomorphic with a group of 

homeomorphisms of a compact connected Hausdorff space 
onto itself. 

2. Every countable inf inite group is isomorphic with a 
groun of homeomorphisms of the Hilbert cube onto itself. 

B urroughs Corporat ion Joel Pitcairn 
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PRCOLEkIS AND QUESTLIONS 

Edi ted by 

Robert E. Horton, Los Anceles C ity Col lege 

Readers of this department are invited to submit for solution 
problems believed to be new and subject matter cuestions that may 
arise in study, in research, or in extra-academic situations. 
Proposals should be accompanied by solutions, when available, and by 
any information that will assist the editor. Ordinarily, problems 
in well-known textbooks should not be submitted. 

Solutions should be submitted on separate, signed sheets. 
Figures should be drawn in India ink and twice the size desired for 
reproduction. 

Send all communications for this department to Robert E. Horton, 
Los Angeles City College, 855 N. Vermont Ave., Los Angeles 29, 
Cal ifornia. 

PROPOSALS 

181. Proposed by C. W. Tr i Qq, Los Angeles City Cot lege. 

Each word or phrase in the following semi-roherent story is a 
mutation of the nanm of a mathematician. Identify: 

(I) BREAD LOVER, (2) HIRES GAL, (3) GAVE, (4) CHEF LIST FOR, 
(5) MEAL, (6) MAKE RIM, (7) RAW GIN, (8) GREEN NOG, (9) GLEAN, 
(10) GUY'S HEN, (II) DRIED TO, (12) OUR FIRE, (13) SO IN POT, 
(14) RlIN A CLAM, (15) STIR OUT SAND, (16) NO PEA, (17) ELK IN, 
(18) AY! BOIL, (19)SOUP IN OLLA, (20)SKIN COD, (21 ) LUSC CORN PIE, 
(22) HER COB, (23) IS LEFT, (24) NO HAM, MAC, (25)COP CAKE, 
(26) FUtED CAFE, (27) HAL SET, (28) HJT TABLE, (29) ATE THE SUET, 
(30) ATE LOT, SIR, (31)SETS 0. K., (32) NICE MODES, (33)SEE BULGE, 
(34) IVAR BELT, (35) TABLE RIM, (36) INK MARK, (37) THEREON, 
(38) SHAME. 

182. Proposed by E. P. Starke, Rutgers University. 
.a a a) Show that f (a-) = k v (k) j 93 

93 
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Where the brackets indicate the greatest integer f unct ion and v(k) 
is the number of divisors of k. 

b) Is there any limit to the ratio, f(a)ja as a - o 7 

183. Proposed by D. L. MacKay, Manchester Depot, Vermont. 

Construct atr-iangle ABC having given, inoosition, the circumcenter 
0,'the foot D of the altitude from A and the point of intersection 
U of the bisector of angle A with the side BC. 

164. Proposed by T. F. Mulcrone, Spring Hill College. 

Show that in the sequence I/n, 2in, 3/n,..., (n-l)/n, where n 
is a positive integer greater than 2, an even number of the terms 
are fractions in lowest terms. 

185. Proposed by Francis L. Miksa, Aurora, IIIinois. 

Four players, A, B, C, D, sit around a circular table. Each man 
has a number of matches in front of him. They play a match -gae as 
fol lows. Fi rst A removes enaigh matches from h is pi le and g ives to 
his three other friends enoigh matches to r'iltiply their holdings 
by 2, next B removes enough matches from his pile and gives to the 
three other p I ayers enough matches to mul It i p I y the i r hol d i ngs by 
factor 3, continuing C uses factor )4, D uses factor 5, A uses factor 
6, and lastly B uses factor 7. 

After those six plays it is found that each man has exactly the 
same amount of matches he started with at the beqining of the game. 

What is the smallest number of matches each man could have at 
the begin.ing of the .game? Develop a formula for N men, n plays, 
n > N, and n different factors. 

I83. Proposed by Edwin C. Gras, US Naval Academy. 

Prove the following identity involving binomial coeff icients: 

~ r C n + r C k 
r = 0 k - I r 0. 

SOLUTIONS 

Late Solutions 

159. Thomas F. Mu Icrone, Spring Hi ll Col lege. 

155. John Link, Wisconsin High School, Madison, Wisconsin. 
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Integer Triples 

151. [tvrch lB3] Proposed by E. P. Starke, Rutgers University. 

Show that there are infinitely many sets of three integers whose 
product equals the sum of their squares. 

1. Solution by Harry M. Gehman University of Buffalo. If 
(a, b, c) is a solution of xyz = x + y + z2, then (ab -c, a, b) is 
also a solution. Moreover if a ? b z c 2, 0, and if b X. 2, then 
ab - c > a !-b, and the second solution is different from the first. 
Thus from the solution (3, 3, 3), an infinite number of other 
solutions may be generated: (6, 3, 3), (15, 6, 3), (87, 15, 6), etc.. 

II. Solution byJoseph Rosenbaum, Hartford, Connecticut. Observing 
that (3, 3, 3) is a solution it is verified that if (x, y, 3) is a 
solution, then (x', y', 3) is also a solution where x' = 21x - 8y and 
Y' = 8x - 3y. The initial solution (3, 3, 3) together with the 
transformation gives an inf inite sequence of solutions. 

Also solved by Thomas Grisel le, C. 4!. Trigg, and the nroposer. 
The proposer nointed out that the corresoonding oroblem with four 

integers admits the same treatment and yields the analogous result: 
all solutions of x2 + y2 + z2 + w2 = kxyzw are obtained from 
(2, 2, 2, 2) with k = 1 by use of the fact that whenever (x, y, z, w) 
is a solution so also is (x, y, z, wI) where w' = kxyz - w. 

For five or more letters, again an infinite sequence of solutions 
can be obtained from a given solution in the same manner, but it- is 
no loncer true that all solutions arise from one basic solution. 

Some interest attaches to the problem of finding three. integers 
whose sum of squares is a divisor of their product. For arbitrary 
k, there are solutions for 

(5) k(x2 + y2 + z2) = xyz. 

We need only take x = kx', y = ky', z = kz', where x>2 + yv2 + zv2 
= x'y'z' as determined above. These are not the only solutions. In 
fact, let x', y', z' be arbitrary integers and put P = x'y'z', 
S = x'2 + y'2 + z'2. Then k = P, x = Sx', y = Sy', z = Sz' will 
satisfy (5). 

Solutions in which x, y, z are -relatively prime in pairs may be 
obtained by among others, the following procedure. Suppose k is a 
divisor of z (k must be a divisor of xyz) and put z = ak. Then (5) 
reduces to a quadratic Dionhantine equation from wh ich solutions are 
easy to f ind for each value of a. To obtain solutions in relatively 
Drime integers we will need to note that a is a divisor of x2 + y 
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96 MATHEMATICS MACAZ INE ( Nov. -Dec. 

and that a - 2 and a + 2 are divisors of (ay - 2x)2 + (2ak)2. 
However, no divisor of u2 + v2 can contain a orime factor of the form 
4c - I unless both u and v are divisible bv the samp factor. Hence, 
possible values of a are limited. Details are, quite rot3tine but 
rather tedious. Some examples are: 

k = 12, x = 29, y = 929, z = 1752; 
k = 18, x = 1I1, 6= 485, z = 2628. 

From any one solution an infinite seqtpnce of solutions may be 
obtained by noting that, if (x, y, z) is a solution of (b), so also 
is (x, y', z) where y + y' = xzjk. Since z = ak, yt is an integer. 

A VARIABLE TfiHANGLE 

162. [March 1953] Proposed byHoeNard Eves, State University of 
New York. 

A variable triangle A'['C' of constant area is inscribed in a 
tr iangle ABC, so that A' l ies on BC, B' on CA, and C' on AB. If 
AA'. BE', CC' are divided by A', n', C', resnectively, in the 
same ratio, show that the triangle A'eG''C'' has a constant area. 

Solution by C. W. Trigg, Los Angeles City College. Let the 

A' 

A (@, o) C' B ) 

vertices of ABC be A(0,o), B(a,O), C(b,c), and the vertices of ATB'C' 
be A' [a - n (a - b), pc], B' [(I - m)b, (I - m)c], C' [na, 0]. 
Then let the lines AA', BB', CC' be divided in the ratio r by A'' 
{r [a - n (a- b)], ocr}, B1' {a - r [a - (I - m)bl, r (I - m)c}, 
C'' {b - r (b - na), (I - r)c}. Now denote the areas of ABC, A'B'C', 
and A''B''C" by S, K, and S3', respectively. 
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1953) PROBLEMS AND QUESTIONS 9 

Then we have 

a -p(a - b) pc I 

K 2 (I - m)b ( -m)c I =ac{ -m-n-p+ mn+ no +om} 

na 0 i 
- S {I - m - n - p + mn + nn + pm}. 

In like manner, 

r [a - o(a - b)] Dcr I 

S E E = 2 a - r [a - (I - m)b] r(I - m)c I 

b - r(b - na) (I r)c I 

r [a- p(a- b)] pca j r [a -o(a -b)] C I 

r(L - m)b (I m)cr I + 2r( - m)b I 
rna 2 na (I - r)c 

n-cr I 

+ 2 a(l - r) (I - m)cr I 

b( - r) (I - r)c I 

- r2 K + ac(r - I) (2r - 1 )/2 = r" K + S(r - I) (2r - I). 
Hence, S' is a constant since r, K, and S are constants. 

AN INTEGER PLiOBLEM 

193. March 163 Propoed by P. A. Pi-a, San Jujan, Ptuerto Rico. 

(I) Find nositive integers A, B such that (A + B)Z - 105 A + B. 
(2) F ind nos itive integers C, D, n such that (C + D)Zn - j06 C + D. 

Solution by C. W. Trigg, Los Angeles City College. (I) Let 
B = k - A, then k2 - k - 999,999A = 0. Hence we seek values of A 
such that two factors of 959,999Ak differ by I. We note that A = 
I ,O0,000 leads to the tr iv ial sol ut ion B = 0. 

NwIletthecomwlemnntaryfactorsof999,999= 33 . 7 . 11 . 13 . 37 
be m and n- m < n. Then nym = n + rim. There is a smallest nositive 
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98 MATHEMATICS MAGAZINE (Nov.eDec. 

solution, s , of rs I (mod m) if m and n have no common factor, 
so nsI,m = q + Ijm. That is, nsI = mqI + I and A = qI sI, k = ns1, 
B = (n - q 1 )s, and 999,999A = mnq 1s I 

We also may find a smallest Positive solution, sq, of rs - I 
(mod m), whereupon ns2/m = q- Im, or ns2 = mq2 - I/hen A = q2s2, 
k = ns2 + I , B = (n - q2)s2 + I , and 999,999A = mnq2s2. It folloaws 
from rs1 I, rs2 - I, r2s22 I, that sI = s2 (rs2 + I) -s2 
and sI + s2 0 (mod m). 

Hence sI + s2 = m. 
Furthernore, since = ps, + (rs1 - I )jm and q2 = ps2 * (rs2 + 

I )jm, it follows that B2 - B3 = n(s2 - s ) + (p + r/m) (s12 - s22) 
- (sI + S2)/m + I = m(s2 - si) (n/m - o - r/m) = 0. 
Hence B2 = Big 

Thus for each set of values of m, n, r, 3 there are two sets of 
values for s, q, A. The thirty Possible solutions cf (1) follow: 

m n r s q A B 

27 37037 20 23 31550 725650 126201 
4 5487 21948 

189 5291 188 188 5263 989444 5264 
1 28 28 

297 3367 100 199 2256 448944 221089 
98 1111 108878 

351 2849 41 137 1112 152344 237969 
214 1737 371718 

999 1 001 2 500 501 250500 250000 
499 500 249500 

7 142857 1 1 20408 20408 122449 
6 122449 734694 

77 12987 51 74 12481 923594 37444 
3 506 1518 

91 10989 69 62 7487 464194 217124 
29 350Q 101558 

259 3861 14 205 3056 626480 165025 
54 3C05 43470 
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1953) PROBLEMS AND QUESTIONS 99 

m n r s q A B 

I 1 90909 5 9 74380 669420 148761 
2 16529 33058 

143 6993 129 51 2494 127194 22949 
92 4499 413908 

407 2457 15 190 1147 217930 248900 
217 1310 24270 

13 769T3 2 7 41420 28)940 248521 
6 35503 213018 

481 2079 155 90 389 35010 152100 
391 1690 660790 

37 27027 17 24 17531 420744 227904 
13 9496 123448 

(2) Consider (C + D)X = 106 C + D where x > 2, and let D ? k - C. 
Then k(kx-I -I) = 999,999C. Let 999, 999 = mn and C = yz. Now k = C 
leads to the tr iv ial result D = 0, and if k = 999,999 then kxI I = 
C. But this cannot be, since k > C. Hence k = my and kx- - I = nz. 
Then since k > C, m > z. Thus for any complementary Pair m, n an 
uoper l imit for nz + I is easily establ ished, as well as a lower 
1 imit for k or my. Within these bounds it quickly becomes evident 
that no sol.ut ion for C, D exists for x > 2. 

Also solved in part by Leon Bankoff, Los Angeles, Cal ifornia and 
the proposer. 

KEY TO FOUR DOORS 

194. [f'rch 19I3] Proposed by J. M. Have I 1, Los Ange l es C i ty Col ege. 

There are fouir doors and four keys, each of which fits one and 
only one door. What are the probabilities that all the doors will 
be opened in exactly k trials (k = 4, 5,..., 10), where the trying 
of a key in a lock is considered a trial? 

SolItion by hte W. Funkenbusch, Michigan College of Mining and 
Technology, Sault Ste. Marie Branch. Let us first nosttilate the 
following (S for Success, F for Failur@: 

Postulate I: The last two trials must be S's 
Postulate 2: Both the (k - 3)rd and (k - 2)nd trials can not 

be F's 
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100 MATHEMATICS MAGAZINE ( Nov.-Dec. 

Postulate 3: The only possible situation in which there could 
be three consecutive F's would be the first three 
trials. 

Case k 4: This obviously can hannen in only one way (i.e.) four 
consecutive S's for which the orobabi iitv is obviously 
I I 

-or- 
4! 24 

As a prelude to the analvsis of the following cases let us state 
that the number of ways that they could occur surely has an unner 
limit of C(k - 2,2). This follows from a consideration of nostulate 
I . In order to determine the number of wavs that a certain value 
of k can exist, we are able then to set C(k - 2,2) as the unper 
l imit and to re-ducpe this number of ways by the use of Dostulates 2 
and 3. 

Case k = 5: C(3,2) - 3 ways, none of wh ich are el imina+ed by 
oostulates 2 or 3, and each way may be seen to have 

an existence probability of 
I 

therefore the orobabil ity 

.that all four doors wil 1 be opened in exactly f ive 

tr ials is 3 or 
I 

4! 8 
Case k 6: C(4,2) = 6ways,of which the way SSFFSS is ei iminated 

by oostulate 2. Each of the f ive non-el iminated ways 

may be seen to have an existance probability of 
I 

therefore the probabil ity that all 4 doors will be 
5 5 onened in exactlv 3 trials is - or 

4! a4 
Case k = 7: C(5,2) = 10 ways, of which SSFFFSS is eliminated by 

both postulates 2 and3, FSSFFSS and SFSFFSS by nostulate 
2, and SFFFSSS by postulate 3. The non-el iminated ways 
then total 6, each of which has an individual existance 

orobability of therefore the nrobability that all 

four doors wvill be ooened in exactly 7 trials is 
;S I - or - 

'4! '4 
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1953) PROBLEMS AND QUESTIONS 101 

Case k 8: C(692) = 15 wavs,of which bvthe tuse of postulates 
2 and 3, we can el iminate all but 5, each of which 

has an individual existance Drobabiitv of therefore 
24 

5 5 
the desired probability is ! or 

Case k = 9: C(792) = 21 ways, of which, by the LuSe of postulates 
2 and , we can eliminate all but 3, each of which has 

an individual existance nrobabilitv of - therefore 

the desired orobability is - or - 
4! 8 

Caspe k= IO: It is obvious that this could hanpen in only the 
followqing way FFFSFFSFSS, which way it is spen has 

an existance Drobabilitv of _ 
4 .' 

Also solved by Abraham L. Epstein, Boston, Mass.; P. F. Hel ter, 
Eastern Illinois State College; Sarm Kravitz, East Cleveland, Ohio; 
Lawrence A. Ringenberg, Eastern I I I inois State Col lege; Wi 1l lian. 
Sma l, Rochester; NIew York; 'C. W. Trigg, Los Angeles City Col lege, 
and the promser. 

A LOCUS OF ACC MIDPOINTS 

156. [March I13] Proposed by Leon Bankoff, Los Angeles, Cal ifrornia. 
A l ine segment is divided into two oarts a and k - a. On each 

of these parts as a diameter a semicircle is drawn. Find the locus 
of the midpoint of the line composed of the arcs of the semicircles. 

Solution by L. A. Ringenberq, Eastern Illinois State College. 

Consider first the locus for a in the range ki2 < a < k. The total 
length of the two semicircles is -rklj2. Point P is located so that 
arc OD = mk/4, arc PQ = nT(2a - k)/4. Then PR*26 = arc PQ, aO = 
7T(2a - k)J4, 6 = (7TU2) - (k7/T4a), 0 ? 6 </ 1r4, a = k7j(27T - 46)9 

r = a cos 6, and 
(I ) r = (kl-ucos 6)j(2mu - L6), 0 i e ? r/4. 

Equation (I) is the polar equation of that part of the locus arisina 
from i-values in the interval (k/2, k). The noints S(k/2, u) and 
T(k/2!, ml/4) are the endpoints of the arc (I). 
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102 MATHEMATICS MAGAZINE (Nov.-c. 

Along (I ) we have r2 
x - kj2 = r cos 6 - k/2' = 

1K "c Os 
1> ? 

This last inequality follows from the relations 

f (6) =7T cos26 - +20 = O if 6 = O or 7T/'4 
f Y (6) - - iT sifn 20 + 2 

f " () =, 2f Os 26 < 0 if 
O < & < 7T/ 

0B ~~~~~~~~~~~~~~~~~~~.0 

Therefore arc (I ) joins S and T and lies to the r ight of the segment 
ST. The des ired locuis for a-values in the interval (0, kj2) is the 
reflection of arc (I) across +he segmremnt ST. The total locus is 
either a smiple closed curve with corners at S and T or an S-shaoed 
curve without corners if semicircles are on opoosite sides of the 
segment. To aid in sketching we determine the tangents at S and T 
using elementary calculus: tan a = rTr/2, tan 8 = 2i(7T - 2). 

Also solved by C. W. Trigg, Los Angeles City Col lege and the 
proposer. 
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MAXIMUM SEGMENTS IN AN ELLIPSE 

1T. [March I93] Propcsed by W. B. Carver, Cornell University. 

What is the maximum length of a l ine segment that can be drawn 
in the smaller segment of the el I ipse b2x2 + a2b2 = a2b2 cut off by 
the line x = h, a > b, ) i h < a? 

Solution by the proposer. Let the l ine x = h cut the ell ipse 
at the points A(h,c) and B(h,-c), where 

b . a2 - h2 
(I) C = ~~~~~~> 0 a 

It is rather obvious that the required maximum line segment must 
be a chord with one end at A or 8, say at B, and the other end at 
some ooint P on the minor arc AB. The Problem then is to find the 
maximumI length of. the chord B3P as P moves over the minor arc AB from 
A to B. It will be convenient to use as a Parameter the reciprocal s 
of the slope of the chord BP. The slooe of the tangent to the ellipse 

at B is b2hia2c or bh/(a a2 _-): and if we let 
a2c a a2- h2 

So= = bh 
wqe see that s varies over the interval 0 S s S so as P runs from 
A +o B. 

We f irst f ind the var iable length X of the chorO BP as a function 
of s. The equation of the chord is 

s(y + c) =x h. 
Solvina this equat ion with theequation of the ell ipse, and discardina 
the solutition x = h, y = -c, we find the coordinates of P to be 

a2h + 2a2cs - b2h sr' a2c - 2b2hs - b2cs2l 
t2h a2 + b2s2 aA- + b2s2 

and we then have 

2 a2h + 2a2cs - b2hs2 2 Fa2c - 2b2hs - b2cs2 2 A =1 -h 
a 

+ - + c 
a4 + b2s2 ] a2 + b2s2 

4(a2- b2hs)2(I + s2) 

(a2 + b2s2')2 
or 
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104 MATHEMATICS MAGAZINE (Nov.-Dec. 

(2) 2(a2c - b2hs) I + S2 
a2 + b2s2 

We consider the variation of this function A(s) over the interval 
0 ?. s < so. It is evident that A(O) = 2c and X(so) = O. 
Differentiating we have 

2 {a2b2cs3 + b2h (2a2 - b2)s2 - a2c(a2 - 2b2)s - a2b2h} 

(a2 + b2s2)2j 1 + -2 
and this derivative vanishes when 

(3) a2b2cs3 + b2h(2a2 - b2)s2 - a2c(a2 - 2b2)s + a2b2h - 0. 

Case I, in which a2 ?<hb2 mav be disposed of at once. In this 
case all the coefficients in equation (3) are positive (or zero), 
and NXA is therefore necative for all values of s in the interval 

under consideration. Th us for eIIiDsps nearly circular (a2 ? 2b2), 
whatever the value of h, the maximum chord from B is the bounding 
chord BA of length A(O) 2 2c. 

In what follows we assujme that a2 > 2b2. In equation ( t) the 
coefficient of s is negative and all the others are nositive, and 
hence there is just one negative root sI which has no significance 
for our nroblem. The discriminant of the cubic equation is (omitting 

the Positive factor 4a4b6) 

A = a'4(a2 - 2b2)3 - (a2 + b2)3(a2 _ b2)h2a 

This discriminant is negative, zero, or nositive accordinc as h2 is 
areater than, equal to, or less than k, where 

(4) k (a 2 - 

ia2 + b2)3(a2 - b2) 

We consider two cases: 
Case 11, h2 > k; equation(3) has two imaginarv roots or a 

Positive double root. 

Case III, h2 < km equation (3)has two nositive roots, s2 <s, 

or, when h 0, the root s2 = 0 and a positive root s. 

In case 11, D X is negative throughout the interval 0 ? s - sO 
(except that it is zero at one point when h2 = k), and hence x decreases 
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1953) PROBLEMS AND QUESTIONS 105 

continuously as s increases and the maximum chord from B is the 
bounding chord BA of lenqth X(O) = 2c, as in case 1. 

In case 111, the two positive roots of equation (3), s29 3, 
are both in the interval 0 < s < so, and we have 

D A < 0 for 0 < s < s2, 
D;A > 0 for S2 < s < s39 

DSA > 0 for s2 < s < so. 

It remains then to determine whether the maximrum value of A is X(o) 
or the relatively maximum value \(s3). We first find the condition 
under which these two values of X are equal. For this w-e must have 

(5) X(s3) = 2c, 

andl also equations (I), (2), and (3) mijst be satisfied, where s in 
these eqtiations means the critical value s,. From (I) and (3) we 
deduce 

(6) h a2 {(a2 - 2b2) - b2s2) b2 {a2 +(2a2 b2)s2 
(a- + b2s2) + b2 (a2 + b2s2)i a2s2 + b2 

and outtinc these values of h and c in (2), we havp 

2a2b2(l-- s2)3/2 

(a2 + b2s2 a2s2 b 

Then equation (5) gives us 

a2(I + s.2)3/2 = a2 + (2a2 b2)S2 
or 

s2 {a4s4 - (a4 - a2b2 + b4)s2 - a2(a2 - 2b2)} = 0. 

S ince s, canno+ be zero, we must have 

s = a4 - 4a2b2 + b4 + | (a4 - '4a2b2 + b4)2 + '4a2(a2 - 2b2) 
3 r 

a4 - 4a2bib + b4 + (a2 - b2) ] (a2 - b2)(5a2 - b2) 

2a4 
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2 This value of s2 put into equation (6) gives us 

h2 -a2 {(a2-b2)(2aP+a2b2+I7b0)-b (5a2-b2) (Sa2-b2)(a2-b2)} = g. 
2 (a2+3b2 )2 (a2-b2) 

It may then be verified (though the details are rather long and 

tedious) that M(s3) > 2c according as h2 < g. Hence we have the 

following results for case III: 
when h2>g, the maximum chord from B is the bounding chord BA; 
when h2<g, the maximum chord from B is the chord BP with slope 

/s3; 
when h2 = g, the bounding chord BA and the chord BP with slope 

1/53 are equal maximum chords from B. 
Since it may Also be verified that 

when a2 > 2b2, 0 < g < k; 
when a2 = 2b2, = g = k; 
when a2 < 2b29 k < g < 0; 

it follows that the results stated above for case III are correct 
also for cases I and II, and hence give the complete solution of 
the problem. 

QUICKIES 

From time to time this department will publish problems which 
may be solved by laborious methods, but which with the proper insight 
may be disposed of with dispatch. Readers are urged to submit their 
favorite problems of this type, together with the elegant solution 
and the source, if known. 

Q 100. Express (a,2 + bl2)(a22 + b 2)(a32 + b32) as the sum of two 
squares. [Submitted by M. S. Klamkin.] 

Q 101. Find integer solutions of x2 + y2 = z3, [Submitted by 
M. S. I(lamkin.] 

Q 102. Prove that no three lattice Doints of a square lattice form 
vertices of an equilateral triangle. [Sutbmitted by Leo Moser.] 
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A?ISVIERS 

Leafe1!nba aq iouueo a8Lu!4j- S1yf aoUaH Leuo!Iej Si S901.JOA 
se )o!TieL a.enbs e po s4U0o0 a Y1IM aiLUe!? e 
'Z961 A jnqaj-Aenuer 'sLI a6eG 'j,q 6 Aq Ing L-euo!ie! s! siqoq 
'tZef Sr! se ap!s o aoiue!i jLe4ajeL!fnba ue jo eaxe e41q Z V 

sja5a4ui aee q 'l sjajawewed aql aJp m 
'zq + =e 

= z 'eq - q =e?- A 'Zqe - Se = x S! uo!V4nLos Le-au6eaoUOH 

3(Sq - q7eL) + -(3qeS = -(.q + 3e) 

aAe4 aM 93u04A 
q = ?q = = I q pup e = ?e = Ze = I '.aL 00 I V0 pI 4 Insaq I u' 101 V 

7 [(lqe + 3qle)Se + (3qlq - ele)Sq] + 

z[( q + Zqle)Sq _ (Zqlq - Zele)ge] =(3q + ZeL + + 

OAe4 aM AI!jU0p! 4 jO p Sap!S OMI 8yf Jo salnpow aL4 6u!ijnb3 

[( Iqe lCe e + (Zqlq- Zele)Sq] ! + ( Iq3e+ 3q le)q- (ZqIq_ - 3p - 
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CURRENT PAPERS AND BOOKS 

Edited by 

H. V. Craig 

This department will present comments on papers previously 
published in the MATHEMIATICS MAGAZINE, lists of new books, and 
book reviews. 

In order that errors may be corrected, results extended, and 
interesting aspects further illuminated, comments on published 
papers in all departments are invited, 

Communications intended for this department should be sent in 
duplicate to H. V. Craig, Department of Applied !iathematics, 
University of Texas, Austin 12, Texas. 

INTRODUCTION TO THE THEORY OF STATISTICS. Cy Victor Coed icle 
Harper and brothers, New York, 1953, 28G .ages, tL.50. 

This book is a readable oresentation of the basik theory behind 
the most freq1uently used branches of statistics, tocether with 
applications. In addition to classrooom use, it is intende_d for people 
who use statistics and wish to learn more about the theory. It 
differs from other textbooks in that (I) the stvle is less formal, 
(2) the theoretical treatments req1uire only alhebra, and (3) it 
presents a fresh approach to the logical basis ofJ correlation 
theory. The final chapter, entitled "Statistics and Conynon Sense", 
is a non-mathematical discussion of the pitfalls which ar-ise in 
practical appl icat ions. 

Ohio Universitv Victor Goedricke 

A HIGH LEVEL TREATMENT OF THE MATHEMATICS BEHI1D pnopABILITY 
THEORY - "STOCHASTIC PROCESSES". By J. L. Doob of the University of 
Illinois was published in March '53 by John Wg'iley & Sons, G54 pp., 
U; I U. ,I 

The lack of published backcround material in this field has led 
Dr. Doob to supply elementary def i n it ions and t heorems i n -deta i . 
Then, he goes on to develop the mathematical basis of his subject 
with the results stated in pirobability language. 

The processes covered include: orocesses with mutual lv indenendent 
random variables; processes with mutually uncorrelated or orthogonal 
random variables; Markov processes - discrete and continuous 
parameter; and martingales. Processes with independent and orthogonal 
increments, stationary processes - discrete and continuous par - 
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afeter; and mart ingales. Processes with independent and orthogonal 
increments, stationary processes - discrete and cont inuous parameter9 
and l inear least squares prediction stationary (wide sense) 
processes are also covered. 

John Wiley & Sons Richard Cook 

FINITE DEFORMATIONS OF AN ELASTIC SOLID. By F. D. Murnaghan. 
In this short text, the author furnishes many interestingresults 

in the f inite deformation of elastic sol ids as well as an elegant 
and unified theory. Some of this theory has been previouslv developed 
by the author and others in published papers and other parts seem 
to be completely new. Though the principal tool is matrix theory, 
a reader with a fairly elementary knowledge of this subject should 
be able to follow the arguments of the text. The. problems contain 
many hints as to solution and often furnish additional information 
on the theory. 

There are three parts to the text. First, the author furnishes 
an introduction to those topics in the mathematical theory which are 
used in the remainder of the text. Then, the develooment of the 
elasticity theory is given. Finally, appl ications are made to several 
problems in f inite deformation. 

The matrix concept is introduced by considering f unctional 
relations andtheir Jacobians. Further, thefollcwing formal properties 
of matrices are discussed: addition and multiplication, the transpose 
and inverse, unitary, orthogonal Hermetian and symmetric matrices. 
Many of these topics are treated in the problems. Of particular 
interest and later use are: the treatment of the matrix element of 
area (the counterpart of the bivector in tensor analysis), and the 
reduction of a linear operator (a second order tensor under the 
unitary group) to canonical form. 

Two methods of specifying strain are used: (1) in terms of the 
Cartesian orthogonal coordinates of the initial or undeformed state; 
(2) in terms of the Cartesian orthogonal coordinates of the final 
or deformed state. The strain matrix is defined in terms of the 
change in arc length due to the deformation. It is shown that this 
matrix is sensitive to rotations of the initial reference frame but 
insensitive to rotations of the final reference frame bence, 
principal directions of this matrix exist only for the initial 
reference frame. Whenthe initial and final reference frames coincide, 
one may introduce a displacement vector relating the corresponding 
positions of points of the elastic solid. Then, the previous theory 
f urn ishes the wel l known formulas for the components of the stra in 
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tensor. Finally, the three basic invariants of the strain matrix 
and the compat ib i l !ty relat ions are cons idered. The author's treatment 
of this last topic is equivalent to discussing one aspect of the 
fundamental form problem: "when is a quadratic form reducible to a 
sum of squares?" It is known that the necessary and sufficient 
condition is that the curvature tensor associated with the original 
quadratic form vanish. In the author's development, only the elements 
of tensor analysis are used and it is shown that this condition is 
necessary. 

The stress matrix is of necessity associated with the final state 
of the e last ic med ium and is def ined in the usual manner . By def in ino 
the matrix of a virtual deformation in terms of the Cartesian 
coord inates of the f inal state, and us ing the pr inciple that the 
virtual work of the body and surface surfaces must vanish for any 
virtual displacement which is a rigid body motion, the author 
determines the equilibrium relations and the equations of motion. 
Further, it is shown that the stress matrix is symmetric. The 
expression for virtual work is studied for the case of a finite 
deformation as well as for an inf initesimal deformation. To obtain 
the energy relation, the author introduces the mass density of the 
energy of deformation (an invariant of the strain matrix) and 
requires that the virtual work done by the surface and body forces in 
any virtual deformation shall equal the variation of the energy of 
deformation. This formulation of the energy relation is shown to 
lead to the stress-strain equations. Since these relations may be 
needed in determining boundary conditions in terms of the initial 
state variables, the author determines a modified stress matrix. 

Chapters four and five deal with various expressions for the 
energy of deformationandhence lead to various possible stress-strain 
relat ions. If the express ion in terrm of the stra in matr ix for energy 
i s i nvar iant under a g iven rotat ion of the reference f rame, t he 
medium is said to be elastically insensitive to th is rotation. 
I sotropic med ia are elast ical ly insens itive to al l rotat ions. By 
use of such a characterization, the author determines an expression 
for the energy of an isotropic medium. The following interesting 
result is obta ined: no elast ic med ium wh ich is in it ial ly in a state 
of stress other than that due to a pressure or tension can be 
isotropic. The linear and second order approximations for the elastic 
constants are determined for the general strain matrix. This theory 
is used in comparing the theoretical results with Bridgman's 
experimental work. Finally., by requiring that the elastic medium 
be insensitive to specif ied rotations, the relations among the 
elastic constants for a non-isotropic medium are determined. The 
constants of the f irst, second, and third degree are considered. 
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The final chapters are concerned with the application of the 
previous theory to the following problems: (I) homogeneous shear 
and tension in isotropic and non-isotropic media; (2,) the compression 
of an isotropic spherical shell and circular tube; (3) the torsion 
of an isotropic circular cylinder. In the first class of problems, 
the stress matrix is determined algebraically; in the last two 
classes of problems, it is necessary to solve ord inary d ifferent ial 
equat ions. 

N. Coburn 

ANALYTIC GEOETRY. By Raymond D. Douglass and Samuel D. Zeldin, 
McGraw-Hill Book Company, New York, 1950, ix and 216 pages, $2.75. 

This book presents in simple and teachable form the elementary 
t op ics of both pl ane and sol id anal yt ic geometry. It deve l ops the 
principles necessary for further study in differential and integral 
calculus without loss of time on non-essentials. There are many 
examples that illustrate the applications of the principles involved 
to other sciences as well as mathematics, and the student will find 
numerous exercises that furnish ample practice in the techniques 
to be learned. Review exercises at the end of each chapter should 
help the student properly to organize and coordinate the material 
already studied; answers are also provided. 

The book is d irect in approach; in the f irst chapter it moves 
eas i ly through fundamental not ions to d istance between two -points 
and area of a triangle. The second chapter deals with the straight 
l ine: slope, angle between two l ines, cond it ions for parallel ism 
and perpendicularity, as well as the point-slope, two point and 
intercept forms of equation of a straight line. One of the most 
unusual features of the book is the way in which the authors obtain 
the formula for distance from a line to a point. Starting with the 
general equation Ax + By + C = O, they arrive at the statement that 

h = ? (Ax, + By, + C)/l A42 + B2 w ithout ment ion ing the normal form 
of straight l.ine equation which is so often a real stumbl ing block 
to the student. They say the sign in the right-hand member of the 
formula "depends on the position of the point P, relative to the 
line L", without explaining fully about the sign. Would it not 
clarify the situation to tell the student how to determine the 
proper sign of h and what it indicates? 

Chapter 3 studies the circle starting with standard form and 
moving on to the general equation and to circles determined by 
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three conditions. The authors give a formula for the leng+h of +he 
tangent from a fixed point to a circle as well as an equation for 
the tangent to a circle at a f ixed point. 

Translation of coordinate axes is introduced in chaoter 4 to 
facil itate the discussion of the ell inse with axes parallel to the 
coordinate axes. There is a helpful reminder in the discussion of 
hyperbolas in chapter 5 concernina the asymptotes for a hyperbola 
with center at (h, k). Chapter 6 is a study of the narabola and 
points out an interesting fact not usually stated in textbooks that 
"the squares of any two chords Perpendicular to the axis of a 
Parabola are nroportional to their distances from the vertex of the 
Parabola". 

Chapter 7 opens with the derivation of the formula for the 
rotation of axes through an acute angle. Then, starting with +he 
general equation of second decree the authors shhac by an illus+rative 
example how to eliminate the xy term by rotation; they also state 
without proof the relation between the coefficients of the general 
equation for sDecific conics. Figure 5b on page 87 shcws the vari ous 
conic sections. 

Chapters 8 through II include many illustrative examoles w ith 
numerous graphs of representative curves of each type. Chanter 8 
studies aleebraic. curves; the discussion includes many excellent 
sketches. Chapter 9 deals with trigonorretric and exnonential curves: 
tables of triqonometric functions, common and natural logarithms 
are given at the end of the bcok for the student's convenience. 
Chapter 10 on polar coordinates includes many craphs as well as 
Problems in deriving the nolar equation directly from the given 
properties of the locus. In chapter 11 the authors discuss narametric 
representation of curves, draw fioures of the trochoid and various 
cycloids, and give the names of many addit!onal curves in the 
exercises at the end of the chapter. 

Chapters 12 and 13 are devoted to solid analytic geometry. 
D istance between two points, direct ion cosines, angle between l ine 
seqments, equations of a plane and of a straight line are fully 
covered, with numerous examples for each topic. In chapter 1 
cylindrical surfaces, surfaces of revolution and quadric surfaces 
are presented with accompanying figures, and an introduction to 
cyl indrical and spherical coordinates is offered. 

This book seems to cover very well the tonics essential to 
preparation for a course in calculus. it is remarkably concise but 
seems to be no less thorough for its brevity. 

Wellesley Col lege Vivian Gummo 
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GENERALITES SU'R LES PROBABILITES. By Frechet Maurice, Elements 
Aleatoires , Gauthier-Villars, Par is, 1s5b, xvi Plus 355 PD., 
paper-bound . 

This is the second edition of the first of two books nlanned 
by Frechet on %'modern Theoretical Research in the Calculuis of 
Probability". These two books in turn form part of a "Treatise 
on the Calculus of Probability and its Apolica+ions" prepared by 
Emile 2orel. As a nart of a larcer work, the theoretical material 
is developed in detail with illustrative examples, but applications, 
d iscussed elsewhere in the treatise, are given minimum attention. 

Chapter one develons the not ion of orobabil ity from several 
points of view, includine equally nrobable events, frequency, chance 
and axiomatic. 

Chanter two Qeneral izes the theorem that the orobab i I ity of at 
least one of a finite nuumber of incompatible e'ients is the sum of 
the probabilities of the individual events to the case where the 
events are compat ible and also inf in ite in number . S ince these 
formulas become quite complicated, certain useful inequalitips are 
also derived. 

Chaoter three discusses typical values of a stochastic number, X. 
For example, a typical value of x of order r is the value of a 
which minimizes the expected value of |X-afr. It is shown that the 
mean, medianl, mode and center of a distribujtion are typical values 
of orders 2, 1, o, and , respect ivel v. The rth- root of the expected 
value of IX Ir is called the error of order r. More general 
definitions of typical values are also Hiscussed. Probabilities 
associated with reneated trials of an event, and a discussion of 
characteristic functions, and other functions which renresent a 
probabil ity law conclude the chanter. 

In Chapter four, Bienayme's inequality is generalized, includino 
Tchebycheff's inequality and, others using errors of variouis orders 
other than the standard error of order two. VT,hen unimodal density 
fuinctions only are cons idered, inequalities much sharoer than 
aienayme's are obtained. These inequalities are shown to hold for 
even more general distribution fuinctions than those with unimodel 
densities. 

Chapter f ive discusses the convergence of sequences of stochastic 
numbers. Correspond-ing to each type of convergence, such as Cauchy 
convergence, or convergence in probability, an abstract snace can be 
developed. Hence the already known theory of abstract spaces can 
be anolied. 

Chanter six treats of generalized stochastic variables, such 
as functions or curves, w/hich are not simple stochastic numbers. 
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The ideas of typical values, distribution funct ions, and convergence 
for such stochast ic var iables are presented. 

The reader is struck by the wide variety of topics which are 
brought together as special examples of more general theories, by 
the fert ile general izations of elementary notions, and by the 
cleverly contrived examples which illustrate the need for rigorous 
statements of theorems. While most of the work is naturally drawn 
f rom others, much of it is or ig inal ly due to Frechet. Be ing wr itten 
in treatise style, with all the fine points included, the language 
is straightforward, of average difficulty. A few typographical 
errors require the reader tocheck the formulas carefully. Regretably, 
there is no index. While the work is developed from f irst orinciples 
and i nc l udes a number of elementary results, the reader needs to be 
fairly sophisticated mathematically. Stieltjes integrals are used 
throughout, and an acquaintance with elementary mathematical 
statistics is adviseable. An excellent bibliography mostly to 
non-Engl ish languages and journals, is included. 

The author has brought together a vast amount of mater ial and 
unified it in an effective way, tying many of the problems into the 
modern theory of abstract spaces. This work will be a real aid to 
a l l ser ious workers in probab i l ity and stat ist ics . 

Paul B. Johnson 

THE ANATOMY OF PATHEMATICS. By R. B. K(ershner and L. R. Wilcox, 
The Ronald Press Company, NewYork, M. Y., 1%U50, xl + 416 prx $6.00. 

As stated in the preface, "this work has been produced in the 
hope that students may be aided in bridging. the gas between classical 
and modern aporoaches, and that the terminologies and noints of view 
which the axiomatic method entails may become more readily accessible 
to those who suddenly f ind themselves in need of becoming famil iar 
with them" ..."it is hoped that at least a few so-called laymen will 
take advantage of the opportunity, here provided, to learn what 
modern mathematics is l ike, without being exnected to bring an 
elaborate technical education to lay upon the altar. The only 
prerequisites for reading this book are the desire to start and the 
perseverance to finish. The reader does not even need to know the sum 
of 7 and 5; incidentally, if he does not know this sum, he will 
not learn it from this book." 

It seems doubtful whether the book will accomol ish this purnoee, 
chiefly because, although not depend ina uioon the techn ical asoects of 
mathematical trainingq it oresupooses greater matuirity than is, at 
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 present, usually possessed by the readers to whom it is addressed.
 Unquestionably it would be very desirable for such persons to reach
 the understandino of the character of mathematics which this book
 makes possible. It sets an important aim.

 After three introductory chaoters and two on the materials of

 mathematics (sets, relations, onerations), there follow chapters
 devoted to the postulational method, grouos, the positive intecers,
 f inite sets, inductive definition and the principle of choice,
 extended operations, infinite sets, isomorphism and categorical
 systems, equivalence and order relations, nositive rat ionals,
 I -dimnsional continua, real numbers and fields. Of these, chanters
 1 -18 (rationals and reals) seem the most interesting. The others
 do not bring much that is new to the matuire reader.

 Hiere and there the text is too repnetitious (on P. Iu- the axioms
 for the theory of Positive integers are stated, on the adjoinino
 pave "we restate the foundations for positive intecers"); and there
 are long arid stretches.

 Repeatedly, non-mathematical considerations slin in, which
 reflect the authors' individual preferences, In nassing frequently
 from purely intuitive disciussions, in orenaration for an abstrart
 axiomatic treatment, it is perhaps unavoidable that such nersonal
 judgments as "we do not wish to include it in +he logical basis"
 (o 16A), "our point of view is such that a orinciple is required"
 (p. 163), "in view of our firm belief in the consistency of these
 axioms" (P. 2J8), should creeo in.

 References to the literature do not occur in the tex+, but there
 is a grouD of If titles at the end as "suggestions for further
 readina". There are "projects" throughout the book, and suggestions
 and answers to them are found in the anpendix (Dp. 367-41J),

 It is to be hoped that th is book w i c I contr ibute to an annrec iat i on
 of mathemat ics on the part of its teachers and its users.

 Swarthmore Arnold Dresden

 STATISTICAL PRESENTATIO". Py John H. eyers, Littlefield, Adams,
 and Co., 132. Beckwith Ave., Patterson 3, N. J., OU. 68. 754.

 Ordinarilv a statistics handbook is a kind of literary dicest
 of elementary text material with much left unsaid. Statist ical
 Presentation is a refreshino exception in which a lattern is set
 for cood practice in presenting facts for Practical business use.
 Tables and charts illustrate proper location of title, body, and
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maroinal scales. It is regretable that some charts have the vertical 
scale caption written vertically in the margin rather than at the 
top. The title is properly located above the table or chart with 
source and explanatory notes below. 

Chapter I is an introductory statement of objectives and methods. 
Chaoter 11 illustrates a General Table and a Special Table with 
proper explanations. A list of guiding orinciples is Liven, Chapter 
III illustrates three types of mans and follows with a variety of 
charts. Appendix A is a table of values and simole relative indexes. 
Appendix LB gives a frequency table using four different types of 
classes. The mid-class values and frequency totals are omitted. 
A brief bibliography is included. 

The illustrative general table shows adequate stubs and caotions 
and includes totals for types of values of obvious in+erest for 
comoarison. The special table is clearly distinguished from the 
general table to emphasize special purpose requirements. 

Illustrative charts are grouped under the headings of maps, 
bars, circles, lines, and Pictures, Cases of improper arrancewnt 
are compared with the correct form to emphasize better presentat ion. 
As a rule all words and numbers are written horizontally which avoids 
spinnina the paper around to bring the writing into easy view. 
Suitable legends are used to disting,uish between bars and lines 
so that the chart is not cluttered with much writinec 

Some orefer that lecends be placed at the lower right below 
the body of the chart. Illustrative cases for presenting averaces 
and indexes would be a useful addition to the handbook. These forms 
of presentation would greatly improve the variety techniqups found 
in many books and business reports. 

University of Alabama C.. D. Smith 

FOUNDATION'S OF MATHEMATICSG By Raymond L. 'iVV er, John Wilev & 
Sons Inc., New York, M. Y.c 1952, xiv pn. 305b 

This book has grown out of a course which the au+hor has given 
at the tiniversity of Michigan, for more than '-i) years, to first 
year graduate students and to seniors who had majored in mathemtics, 
in the bel ief that oeonle "who were to base their l ife's work on 
mathematics" should acquire "some knowledoe of modern mathematics 
and its foundati ons". 

It is divided into two oarts Part I (nP. 3 - 185) deals with 
the fundamental conceDts and methods of mathematics and consists 
of the following seven chapters: The axiomatic method (op. 22), 
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Analysis of the axiomatic method (pp. 3 51 ), Theory of sets 
(pp. 52 - 77), Inf in ite sets (op. 78 IO), Wel l-ordered sets; 
ordinal numbers (pp. 110 133), The linear continuum and the real 
number system (pp. 134- 157), G,roups and their sicmnificance for the 
foundations (pp. 158- 188). Part II is concerned with the development 
of various ooints of view on the foundations of mathemat ics. It 
contains five chapters: The earlv developments (On. I 89 2u8) , The 
Frege-Russell thesis: mathematics an extension of lo'ic (oD. 2u9 
229), Intuitionism (pp. 230 -249), Formal ism (no,. 25 - 263) The 
cultural setting of mathematics (po. 26- 284). In the "Suggestions 
for use as a textbook" which follow the preface, the au+hor says 
that "by judic ious selection of material, a satisfactory one-semester 
course can be based on the book. The formal text is followed by an 
extensive bibliography (pp. 285 2%) and by three indiVes (of 
symbols, of topics and technical terms, of names), 

The structure of Part I follaIws the general pattern of a +extbook; 
each of the seven chapters closes with alist of interesting problems. 
Part II is more nearly a set of lectures on various aspec+s of the 
f oundat ions of mathemat ics. 

The book is written in a lively, informal style, which certainly 
maintained the reviewer's interest and wihich is l ikely to carry 
along any reader who is at all interested in mathematics, The author 
says that "for mature students in other f ields, such as philosophy", 
it is not necessary to make the calculus a prerequisite for his 
course, but that "no MATHEMATICS student" should take it "without 
having had calculus". It is the reviewer's judgement that, while 
general maturity is certainly helpful, the contents of this book 
can be properly appreciated only by persons who have had enough 
experience with the usual mathematical disciplines to make the 
abstract concepts which are introduced meaninqful to them. 

It is encouraging for teachers who have been working for a 
recognition of the signif icance of mathematics apart from its 
technical applications, that a place has been found for a course 
of this type and that the publication of this book has become 
possible. 

The book has obviously been written with great care for clarity, 
for preciseness, for "logical" development. The few remarks which 
follow are intended to suggest the consideration of slight 
modifications when a revision of the book is undertaken, rather 
than to detract from its value. 

That "All statements implied by an axiom system E hold true 
for all models of E "(p. 27 2.2.1) is obviously meant to refer 
to "consistent" systems 2. Not all the statements impl ied by the 
system introduced in the first paragraph on p. 24, hold true for 
all its models, 
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It appears that the rule (3a) on p. 95 does not give an effective 
definition of the set s', since it requires, for every element x of 
S, the decision whether it is contained in the correspond ino set 
Sx~. Moreover, the proof of the theorem in 3.2.1.3 is not convincing, 
because there seems to be no reason to suppose that the set sa 
(i.e.s' ) should contain the element a. 

The term "non-degenerate" occurring on on. 170 and 171 does 
not appear to have been defined: the same seems to be true of the 
symbol i on p. 259. 

Arnold Dresden 

FIRST COURSE IN PROBABILITY AND STATISTICS. By Jerzey Neyman, 
New York,, Henry Holt & Co., 1950, ix Plus 350 pp. $3.50 

Striking a bold contrast with other elementary texts, Neyrnan 
centers this book on the testing of statistical hypothesis, or 
probabil ity as a guide to inductive behavior. This relatively 
advanced idea is made the core of a one semester course by cons ider ing 
only d iscrete cases and om itt ing such topics as correlat ion, 
regress ion, ch i-square and Student 's d istr ibut ion. 

Chapter 1, on the scope of the theory of probabil ity and 
statistics, is beautifully written and should be read by all puzzled 
students of the subject. The concepts of probability are developed 
without reference to the idea of "equally l ikely" in a manner which 
w i l be conf us ing to some. A deta i led study of hered ity leads to the 
binomial, poisson and normal distributions and to the problems of 
stat ist ical hypotheses. 

It is pleasant to see a text which emphasizes that the problem 
of a statistician is the mak ing of choices, not merely determining 
probabilities. Many problems illustrate how discriminating persons 
are aided by probability in reaching decisions, while very few of 
the comnmon run and ganbling oroblers are given. Maturity, rather than 
specific mathematical ability beyond algebra, is the prerequisite. 
While some of the reasoning is quite close, the student may well 
gain a better understanding of the purpose of statistics from this 
text than he woulId from the usual course where he might learn more 
techniques. 

Paul B. Johnson 

(Ctd. on page 78) 
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